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1 1 Observation | Venus
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participants in the radio astronomy segment of the Huygens mission,
the observation campaign, and plots of the raw data are given in
Supplementary Information. Only the data sets from the NRAO
Robert C. Byrd Green Bank Telescope (GBT) in West Virginia and the
CSIRO Parkes Radio Telescope in Australia have been processed for
this initial report.

Starting with the raw Doppler measurements, it is essentially a
geometric exercise to derive the motion of the transmitter in the
Titan frame of reference. Motion of the Huygens probe in the vertical
direction is measuredin situby many different instruments, primar-
ily pressure sensors14, but also by the Huygens radar altimeters. The
consolidated measurements are processed iteratively by the
Huygens Descent Trajectory Working Group (DTWG) to produce
a series of continually improving probe trajectories referenced to
Titan, including the descent velocity proÞle required for the present
analysis5. The results presented here are based on DTWG data set no.
3, released in May 2005. The DTWG, based on knowledge of the
Huygens trajectory to the point of atmospheric entry, also supplies
the estimated spatial coordinates of the Huygens probe in latitude
(10.33^ 0.178S), longitude (196.08̂ 0.258W) and altitude
(154.8^ 11.2 km) at the start of descent, timet0.

Two key assumptions about the horizontal motion of the probe
simplify the problem. The Þrst of these is that the horizontal drift of
the probe follows the horizontal wind with a negligible response
time. The actual response time for the Huygens descent system is
estimated to be roughly 30Ð40 s in the stratosphere, decreasing to
3Ð5 s in the lowest 10 km (ref. 15). It follows that this Þrst assumption
may be fulÞlled only marginally during the early minutes of the
descent and during the change to a smaller (stabilizer) parachute at
t ! t 0 " 15 min (Ôparachute exchangeÕ). The second assumption,
that the drift in the meridional (northÐsouth) direction is negligible,
is based on theoretical considerations that imply dominance of the
zonal (eastÐwest) atmospheric circulation3,6Ð9. Under these con-
ditions one is able to eliminate all other known contributions to
the measured Doppler shift and determine the one remaining
unknown, the zonal wind velocity. In addition to the above men-
tioned descent velocity, which slowly decreases with decreasing
altitude, small, nearly constant, corrections must be applied for the
effect of special relativity (2 7.5 Hz, where the minus sign means a red
shift), as well as the effects of general relativity associated with the Sun
(18.2 Hz), Saturn (2 0.7 Hz), Earth (1.4 Hz) and Titan (2 0.08 Hz).
Propagation corrections to the Doppler measurements from the
neutral and ionized intervening media (Titan, interplanetary, Earth)
have been estimated and found to be negligible. Finally, a small
correction of " 10.0 Hz was applied to the absolute transmission
frequency by requiring that Huygens remain stationary on TitanÕs
surface after landing. This residual is within the error limits of the
pre-launch unit-level calibration of" 9.2 Hz determined for the
speciÞc DWE rubidium oscillator unit used to drive the Huygens
channel A transmitter.

The zonal wind derived from the ground-based Doppler data is
shown in Fig. 1 as a function of time. More precisely, this quantity is
the horizontal eastward velocity of Huygens with respect to the
surface of Titan (with a positive value indicating the prograde
direction). The time-integrated wind measurement fromt 0 yields
an estimate for the longitude of the Huygens landing site on Titan,

192.33̂ 0.318W, which corresponds to an eastward drift of
3.75^ 0.068 (165.8^ 2.7 km) over the duration of the descent.
Unfortunately, because of the slow rotation of Titan and the fact
that the Earth was near zenith as viewed by Huygens, the Doppler
data recorded after landing are not considered suitable for a more
precise determination of the Huygens longitude.

The variation of the zonal wind with altitude and pressure level is
shown in Fig. 2. The measured proÞle roughly agrees with the upper
level wind speeds anticipated by the engineering model, and is
generally prograde above 14 km altitude. Assuming this local obser-
vation is representative of conditions at this latitude, the large
prograde wind speed measured between 45 and 70 km altitude and
above 85 km is much larger than TitanÕs equatorial rotation
speed (Qa < 11.74 m s2 1, where Q! 4.56£ 102 6 rad s2 1 and
a ! 2,575 km are TitanÕs rotation rate and radius, respectively),
and thus represents the Þrstin situ conÞrmation of the inferred
superrotation of the atmosphere at these levels, as anticipated from
the Voyager temperature data3. Moreover, the measured winds are
consistent with the strong winds inferred from ground-based data
under the assumption of cyclostrophic balance10Ð12.

The most striking departure of the measured proÞle from the
engineering model is the region of strong reversed shear between 65
and 75 km altitude (approximately 40 and 25 hPa, respectively),
where the speed decreases to a minimum of 4 m s2 1, which then
reverts to strong prograde shear above 75 km. This feature of TitanÕs
wind proÞle is unlike that measured by any of the Doppler-tracked
probes in the atmosphere of Venus16.

Figure 2 | Titan zonal wind height proÞle. The zonal wind derived from
GBT and Parkes observations is compared with the prograde Titan
engineering wind model and envelopes based on Voyager temperature
data27. The estimated uncertainties in the zonal wind speed, based on an
adaptation of an error analysis for the Huygens-Cassini link28, are of the
order of 80 cm s2 1 at high altitude and drop roughly in proportion to the
absolute speed to 15 cm s2 1 just above the surface. These uncertainties are
primarily systematic errors associated with the Huygens trajectory at entry.
The estimated statistical (measurement) error is always smaller, the
standard deviation being of the order ofj < 5 cm s2 1 towards the end of
descent. With the possible exception of the region above 100 km, where the
wind ßuctuations are greatest, the zonal ßow is found to be generally weaker
than those of the model. The wind shear layer in the height range between 60
and beyond 100 km was unexpected and is at present unexplained.

Table 1| Predictions of TitanÕs meteorology and DWE results

Prediction/model feature DWE result References

Atmospheric superrotation (U .. 12 m s2 1)* VeriÞed for upper troposphere and stratosphere 3, 6Ð8
Prograde (eastward) ßow (U . 0) VeriÞed for all levels above 15 km (GBT data) 6Ð8, 23, 24
Isolated reversed shear (ÝU/ Ýz , 0) within lower stratosphere VeriÞed, but stronger than simulated at 65Ð75 km, with Ri< 2 7Ð9
Geostrophic (U ,, 12 m s2 1) sub-layer near surface VeriÞed and deeper than anticipated (more than, 1 scale height) 7Ð9, 25
Very weak surface winds VeriÞed (jUj < 1 m s2 1) 23, 25
Warmer-poleward near-surface temperature in southern

hemisphere
Consistent with geostrophic balance of upward-westward shear of

low-level winds
18, 26

*U ! zonal wind velocity.
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! VenusÕ size and mass are similar to EarthÕs.
- radius ~ 6052 km, gravity ~ 8.9 m/s 2

! Venus rotates very slow.
- rotation period ~ 243 (Earth) days 

! Zonal wind in the Venus atmosphere 
reaches ~ 100 m/s.

- This is 60 times faster  than 
the planetary rotation at the equator!

Superrotaiton



1 2 Mystery of superrotation

! Eddy viscosity and surface 
friction slow down the atmos.

! Angular momentum must be 
pumped up to the atmosphere 
by some mechanism.

5

1.8 m/s

100 m/s

friction

eddy viscosity 

Hypotheses
! dayside-nightside circulation

 (e.g., Schubert & Whitehead, 1969)

! gravity waves (e.g., Fels & Linzen, 1974)

! meridional circulation (e.g., Gierasch, 1975)

�•

superrotation



1 3 Gierasch (1975) mechanism
! Gierasch (1975) assumed
- symmetries about the rotation axis and the equator
- Hadley cell expanding from the equator to the pole
- inÞnitely large horizontal di!usion

! always solid body rotation = constant angular vel.

6

M
Angular momentum

supply of M

Horizontal diff. transports M equatorward

eq. pole
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Sketch of Gierasch mechanism



1 4 Gierasch mechanism
! Gierasch stated that, for the mechanism to work,
- relaxation time of the horizontal di!usion must be 
" much shorter than that of vertical di!usion 
" and turnover time of meridional circulation.

7

! Matsuda (1980, 1982) explored 

- parameter dependency of U,

- dominant moment balance, 

- multiple equilibrium solutions, 
  for both inÞnite and Þnite hor. di!. cases,
  using a highly truncated low-order spectral model.

U

heat difference
rotation period



1 5 In my study

In Matsuda (1980, 1982)

! advection of potential 
temperature was ignored,

! math was complicated 
because of mode equations,

! theoretical results were not 
verified by numerical 
experiments with high orders.

8

We theoretically and numerically explore the strength of the superrotation 
maintained by the Gierasch mechanism using an idealized system.

treat the meridional 
temp. difference as 
an internal variable,

In this study, we

develop a theoretical 
model expressed by 
algebraic equations for 
superrotation strength
verify the theoretical 
solution by numerical 
experiments



2 1 Basic equations
- primitive equations
- dry Boussinesq ßuid 
- Newtonian heating and cooling
- axisymmetric with strong horizontal di!usion of 

momentum
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The variablesu, v, and w are, respectively, the zonal, meridional, and vertical components132

of the velocity, $ is the potential temperature, and" " p!/ ' 0, where p! is the dynamic133
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respectively, the horizontal and vertical di$usion coe%cients of momentum,&V is the vertical137

thermal di$usion coe%cient, %is the time constant for Newtonian heating and cooling, and138
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and the global mean of$e is # 0.145
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2 2 Boundary conditions
! Top: free-slip, no mass or heat ßux, 

! Bottom: no-slip, no mass or heat ßux

! Equator and pole: no mass, momentum, or  heat ßux
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Basic equations are nonlinear PDEs, which
we cannot solve analytically.

{We assume
steady state: "/" t = 0
spacial structure of some variables

spacial integral, relation of scales

Theoretical model which is a set of algebraic 
equations for four nondimensional variables
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b�á�ˆ�M���Ü (2.1a)�z�ä�—�¶�M���Ü (2.1d)�z�Æ

�z�á�ˆ�M���Ü (2.1b) �T�’�z 4 �m�w�Á�Í�i�µ�§�å�”�!
: (3.1) �w�����Ü�› 4 �m�‹�M�o�M�X�{

* 1 �Š�Z�€�p ! �x�¯�æ�¦�æ�Í�å�Ý�”�»�w�¢�S�t�0�b�”�!�=�p (�Õ�”�»�ò ) �p�x�s�M�\�q�t�«�™�^�•�h�M�{

superrotation
strength

! low-order system

! enable to solve analytically

! easy to see the parameter dependency

meridional mean zonal wind at the top



3 3

- zonal wind at the top:

- meridional wind at the top:

- meridional wind above the surface:

- vertical mean of potential temp.:

- meridional integral of 
angular momentum:

Assumption: spacial structure of variables

13

! 0 ! "!
!

sin2 ! !
1
3

"

ø!

Ua
2

!
1 ! cos

" ! z
H

#$

M 0

H

VT sin 2!

v

! VB sin 2!

u
3U
2

cos!

eq. pole



3 4 Development of the theoretical model

14

zonal momentum eq.

meridional integral

3.1 �g�æ�Þ�Ã�ç�w�Ï�™ 35

�h�i�`�| U �x	Í�z�p�w�f
b
é u(! �| H ) �w�E
¯�$�s�§�^�›
¯�b�}

�\�\�p�|�Ü (3.3) �›�•
¯
Ç�Ù z = h ! 0 �t�S�M�o�ß�Q�”�}�h�i�`�| z = h �p�x u ! 0�|

M r ! 0�| w ! 0 �i�q�b�”�}�b�”�q�| z = h �t�S�Z�”�Ü (3.3) �w�(�%�x�|

[z = h �t�S�Z�”�Ü (3.3) �w�(�% ] =
! ! / 2

0

"
M

" w
" z

+ w
" M
" z

# $
$
$
$
z= h

cos! d!

! a2!
! ! / 2

0

" w
" z

$
$
$
$
z= h

cos3 ! d!

= " a!
! ! / 2

0

"
"!

[v(! �| h) cos! ] cos2 ! d! (3.9)

�q�s�”�} 3 �æ�è�•�w�Ü�!���t�x�È���w�Ü (2.1e) �›�b�;�`�h�}�\�\�p�|
z�“�p	Í	¢�`�h�G�>

�U�Ã�p�<�ñ�b�” 1 �m�w�G�V�s�Ï���w� �•�Ø	e���›�>���`�|�f�w�•
¯
Ç�Ù�w
z�“�²�V�w�v

�•�U�|
v(! �| h) = " VB sin 2! (3.10)

�p
¯�^�•�”�q�b�”�}�h�i�`�| VB �x�•
¯
Ç�Ù�w�Æ�z
é�w�E
¯�$�s�§�^�p�K�”�}�Ü (3.10) �›

�Ü (3.9) �t�E�Ö�b�•�y�|

�Ü (3.9) =
8
15

a! VB (3.11)

�q�s�”�}�°�M�| z = h �t�S�Z�”�Ü (3.3) �w�È�%�x�|

[z = h �t�S�Z�”�Ü (3.3) �w�È�%] = #V

! ! / 2

0

" 2M r

" z2

$
$
$
$
z= h

cos! d!

= #V
" 2M 0

" z2

$
$
$
$
z= h

! #V
Ua$2

2H 2 (3.12)

�q	{�Z�”�}�‘�l�o�|�Ü (3.11) �q (3.12) �T�’�|�Í�w�����Ü�U�˜�’�•�”�}

8
15

a! VB ! #V
Ua$2

2H 2 (3.13)

�\�w�����Ü�x�|�o�•�Ì���K�h�“�w�G�>�~�{�.�í
U���w
Y�¯�w�¯�á�ˆ�”�w	)�§�U�m�“�ù�l�o

�M�”�\�q�›
¯�`�o�M�”�}�È�%�x���Ú�¦�„�t�‘�l�o�G�>�U�æ�O�¯�á�ˆ�”�›
¯�`�o�S�“�|�(

�%�x�G�>�U�•�Ø
Ç�Ù�›� �v�^�•�”�\�q�t�‘�l�o�G�>�U�˜�”�¯�á�ˆ�” * 2�›
¯�`�o�M�”�}�Ü

(3.13) �w�†�%�› a2! 2 �p�Â�•�y�|�Ž�<�w S �q RvB �w�����Ü�U�˜�’�•�” (16/ 15 ! 1 �q

�b�” )�}

* 2 z = h �p�x�•
¯�Ø�Ž�r�w�è�¹�p�r�w�¢�S�p�‹ u ! 0 �s�w�p�|�í�>�t�x�•
¯
Ç�Ù z = h �›�Ã�T�’
z�“�‡�p

�v�^�•�”���t�| a2 ! �w�¯�á�ˆ�”�›�˜�”�}�í�>�t�U�Ã�T�’
z�“�‡�p�v�^�•�”�w�t�T�T�”�Ì���x a/V B �s�w

�p�|�o�•�Ì���K�h�“�t�˜�”�¯�á�ˆ�”�x a2! / (a/V B ) = a! VB �q�s�”�}

non-
dimenaionalize

36 �H 3 	· �µ�”�Í�”�é�”�Â�”�³�ã�ï�§�S�w�g�æ�$�_
u�‹�“

! "

RvB ! ! 2EV S (3.14)
# $

�h�i�`�| RvB = VB / (a! )�| S = U/ (a! ) �p�K�“�| EV " " V / (H 2! ) �x���Ú�¤�«�Ú�ï
:�p

�K�”�}�\�w�����Ü (3.14) �x�|�•
¯
Ç�Ù�w�Æ�z
é�w�§�^ (RvB ) �x�G�>	Í�z�w�f
b
é�w�§�^

(S) �t
z�«�b�”�\�q�›
¯�`�o�M�”�}

�Í�t�|�G�>	Í�z (z = H ) �p�Ü (3.3) �›�ß�Q�”�}�h�i�`�| z = H �p�f
b
é�q�Æ�z
é�x�f

�•�g�•�|
u(#�| H ) = U cos#�| v(#�| H ) = VT sin 2# (3.15)

�p	{�T�•�”�q�>���b�”�} VT �x�G�>	Í�z�w�Æ�z
é�w�E
¯�$�s�§�^�p�K�”�}�Ü (3.13) �›�˜�h

�q�V�q�‰�7�w
â�^�›�æ�Q�y�|�Ž�<�w�����Ü�U�˜�’�•�”�}

#
8
15

(U + a! )VT ! # " V
Ua! 2

2H 2 (3.16)

�†�%�› a2! 2 �p�Â�l�o
T�g�b�•�y�|
! "

RvT ! ! 2EV

!
S

1 + S

"
(3.17)

# $

�q�s�”�}�h�i�`�| RvT = VT / (a! ) �p�K�”�}�\�w�����Ü (3.17) �x�|�G�>	Í�z�w�Æ�z
é�w�§

�^ (RvT ) �x S $ 1 �s�’�y S �t
z�«�`�o
ÿ�C�b�”�U�| S % 1 �s�’�y ! 2EV �t
´�Ù�b�”�\

�q�›
¯�`�o�M�”�}

3.1.2 �ä�—�¶�M���Ü

�m�n�M�o�| RvB �q RvT �| $ �w�����Ü�›�‹�X�}��	×	Ý�6 (%/ %t = 0) �›�>���`�h�ä�—�¶

�M���Ü (2.1d) �x�|�È���w�Ü (2.1e) �›�;�M�”�\�q�p�|�Ž�<�w�‘�O�t�Ñ�å�¿�«�µ���Ü�p	{�V

�Ú�d�”�}
1

a cos#
%

%#
(v&cos#) +

%
%z

(w&) = #
&# &e

'
+ ( V

%2&
%z2 (3.18)

�Ü (3.18) �› z = 0 �T�’ z = H �‡�p���Ú
u
ü�`�o�|�†�%�› H �p�Â�”�q�|

1
aH cos#

# H

0

%
%#

(v&cos#)dz = #
1
H

# H

0

&# &e

'
dz (3.19)

�U�˜�’�•�”�}�h�i�`�|���Ú�¥�„	Ú�E (2.4) �q (2.5) �›�b�;�`�o�M�”�}��	×	Ý�6�w�>���T�’�|

&�w
¶�•���É�‹�x�| &e �w
¶�•���É�‹ " 0 �t�s�`�X�s�Z�•�y�s�’�s�M�}�M�‡�|���Ú���É�9�•

ø&(#) �w�¢�S�‘��
Q�x &e �w�f�•�q�‰�7�p�K�”�q�>���b�”�}�b�s�˜�j�|

ø&(#) "
1
H

# H

0
&(#�| z)dz ! " 0 # #"

!
sin2 # #

1
3

"
(3.20)

above the 
surface 

at the 
top

non-
dimensionalze

36 �H 3 	· �µ�”�Í�”�é�”�Â�”�³�ã�ï�§�S�w�g�æ�$�_
u�‹�“

! "

RvB ! ! 2EV S (3.14)
# $

�h�i�`�| RvB = VB / (a! )�| S = U/ (a! ) �p�K�“�| EV " "V / (H 2! ) �x���Ú�¤�«�Ú�ï
:�p

�K�”�}�\�w�����Ü (3.14) �x�|�•
¯
Ç�Ù�w�Æ�z
é�w�§�^ (RvB) �x�G�>	Í�z�w�f
b
é�w�§�^

(S) �t
z�«�b�”�\�q�›
¯�`�o�M�”�}

�Í�t�|�G�>	Í�z (z = H ) �p�Ü (3.3) �›�ß�Q�”�}�h�i�`�| z = H �p�f
b
é�q�Æ�z
é�x�f

�•�g�•�|
u(#�| H ) = U cos#�| v(#�| H ) = VT sin 2# (3.15)

�p	{�T�•�”�q�>���b�”�} VT �x�G�>	Í�z�w�Æ�z
é�w�E
¯�$�s�§�^�p�K�”�}�Ü (3.13) �›�˜�h

�q�V�q�‰�7�w
â�^�›�æ�Q�y�|�Ž�<�w�����Ü�U�˜�’�•�”�}

#
8
15

(U + a! )VT ! # "V
Ua! 2

2H 2 (3.16)

�†�%�› a2! 2 �p�Â�l�o
T�g�b�•�y�|
! "

RvT ! ! 2EV

!
S

1 + S

"
(3.17)

# $

�q�s�”�}�h�i�`�| RvT = VT / (a! ) �p�K�”�}�\�w�����Ü (3.17) �x�|�G�>	Í�z�w�Æ�z
é�w�§

�^ (RvT ) �x S $ 1 �s�’�y S �t
z�«�`�o
ÿ�C�b�”�U�| S % 1 �s�’�y ! 2EV �t
´�Ù�b�”�\

�q�›
¯�`�o�M�”�}

3.1.2 �ä�—�¶�M���Ü

�m�n�M�o�| RvB �q RvT �| $ �w�����Ü�›�‹�X�}��	×	Ý�6 (%/ %t = 0) �›�>���`�h�ä�—�¶

�M���Ü (2.1d) �x�|�È���w�Ü (2.1e) �›�;�M�”�\�q�p�|�Ž�<�w�‘�O�t�Ñ�å�¿�«�µ���Ü�p	{�V

�Ú�d�”�}
1

a cos#
%

%#
(v&cos#) +

%
%z

(w&) = #
&# &e

'
+ ( V

%2&
%z2 (3.18)

�Ü (3.18) �› z = 0 �T�’ z = H �‡�p���Ú
u
ü�`�o�|�†�%�› H �p�Â�”�q�|

1
aH cos#

# H

0

%
%#

(v&cos#)dz = #
1
H

# H

0

&# &e
'

dz (3.19)

�U�˜�’�•�”�}�h�i�`�|���Ú�¥�„	Ú�E (2.4) �q (2.5) �›�b�;�`�o�M�”�}��	×	Ý�6�w�>���T�’�|

&�w
¶�•���É�‹�x�| &e �w
¶�•���É�‹ " 0 �t�s�`�X�s�Z�•�y�s�’�s�M�}�M�‡�|���Ú���É�9�•

ø&(#) �w�¢�S�‘��
Q�x &e �w�f�•�q�‰�7�p�K�”�q�>���b�”�}�b�s�˜�j�|

ø&(#) "
1
H

# H

0
&(#�| z)dz ! " 0 # #"

!
sin2 # #

1
3

"
(3.20)

36 �H 3 	· �µ�”�Í�”�é�”�Â�”�³�ã�ï�§�S�w�g�æ�$�_
u�‹�“

! "

RvB ! π2EV S (3.14)
# $

�h�i�`�| RvB = VB / (a! )�| S = U/ (a! ) �p�K�“�| EV ! νV / (H 2! ) �x���Ú�¤�«�Ú�ï
: * 4�p

�K�”�}�\�w�����Ü (3.14) �x�|�•
¯
Ç�Ù�w�Æ�z
é�w�§�^ (RvB ) �x�G�>	Í�z�w�f
b
é�w�§�^

(S) �t
z�«�b�”�\�q�›
¯�`�o�M�”�}

�Í�t�|�G�>	Í�z (z = H ) �p�Ü (3.3) �›�ß�Q�”�}�h�i�`�| z = H �p�f
b
é�q�Æ�z
é�x�f

�•�g�•�|

u(φ�| H ) !
3U
2

cosφ�| v(φ�| H ) ! VT sin 2φ (3.15)

�p	{�T�•�”�q�>���b�”�} VT �x�G�>	Í�z�w�Æ�z
é�w�E
¯�$�s�§�^�p�K�”�}�Ü (3.13) �›�˜�h

�q�V�q�‰�7�w
â�^�›�æ�Q�y�|�Ž�<�w�����Ü�U�˜�’�•�”�}

"
8
15

!
3
2

U + a!
"

VT ! " νV
Uaπ2

2H 2 (3.16)

�†�%�› a2! 2 �p�Â�l�o
T�g�b�•�y (���o�w�h�Š�| 16/ 15 # 1�| 3/ 2 # 1 �q�b�” )�|
! "

RvT ! π2EV

!
S

1 + S

"
(3.17)

# $

�q�s�”�}�h�i�`�| RvT = VT / (a! ) �p�K�”�}�\�w�����Ü (3.17) �x�|�G�>	Í�z�w�Æ�z
é�w�§

�^ (RvT ) �x S $ 1 �s�’�y S �t
z�«�`�o
ÿ�C�b�”�U�| S % 1 �s�’�y π2EV �t
´�Ù�b�”�\

�q�›
¯�`�o�M�”�}

3.1.2 �ä�—�¶�M���Ü

�m�n�M�o�| RvB �q RvT �| β �w�����Ü�›�‹�X�}��	×	Ý�6 (∂/ ∂t = 0) �›�>���`�h�ä�—�¶

�M���Ü (2.1d) �x�|�È���w�Ü (2.1e) �›�;�M�”�\�q�p�|�Ž�<�w�‘�O�t�Ñ�å�¿�«�µ���Ü�p	{�V

�Ú�d�”�}
1

a cosφ
∂

∂φ
(vθ cosφ) +

∂

∂z
(wθ) = "

θ " θe

τ
+ κV

∂2θ

∂z2 (3.18)

�Ü (3.18) �› z = 0 �T�’ z = H �‡�p���Ú
u
ü�`�o�|�†�%�› H �p�Â�”�q�|

1
aH cosφ

# H

0

∂

∂φ
(vθ cosφ)dz = "

1
H

# H

0

θ " θe

τ
dz (3.19)

�U�˜�’�•�”�}�h�i�`�|���Ú�¥�„	Ú�E (2.4) �q (2.5) �›�b�;�`�o�M�”�}��	×	Ý�6�w�>���T�’�|

θ �w
¶�•���É�‹�x�| θe �w
¶�•���É�‹ " 0 �t�s�`�X�s�Z�•�y�s�’�s�M�}�M�‡�|���Ú���É�9�•

* 4 �×�8�®�L�t�0�b�”���Ú�¦�„�w�§�^�›
¯�b�Á�Í�i
:�}

EV: vertical Ekman num. �| EH: horizonta Ekman num., RT: external thermal Rossby num.
! gH! H / (a2" 2)! ! H / (a2! )! ! V / (H 2! )

thermodynamic eq.
vertical mean
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�q�>���b�”�}�h�i�`�| ∆Θ �x���Ú���É�9�•�w�Ã�~
z�“���w�)�p�K�”�}�Ü (2.3) �q (3.20) �›

�Ü (3.19) �t�E�Ö�b�•�y�|

1
aH cos!

! H

0

"
"!

(v#cos! )dz ! "
(Θ0∆H " ∆Θ)

$

"
sin2 ! "

1
3

#
(3.21)

�U�˜�’�•�”�}�Ü (3.21) �w�(�%�x�ä�w�Æ�z� �v�U�G�>�ª�t�‹�h�’�b
Y�¯�w�C�ä�~�¬�k�›
¯

�`�o�M�”�w�p�|�(�%�w�E
¯�$�s�G�V�^�x ∆Θ �q�Æ�z
é�w�§�^�t�S�S�‘�f
z�«�`�o�M�”�}�Ü

(3.21) �w�†�%�w�G�V�^�›�ß�Q�•�y�|�Í�w�����Ü�U�˜�’�•�”�}

∆Θ(VT + VB )
2a

#
(Θ0∆H " ∆Θ)

$
(3.22)

�h�i�`�|�Æ�z
é�w�§�^�q�`�o (VT + VB )/ 2 �›�;�M�o�M�”�}�Ü (3.22) �w�†�%�› ∆ΘΩ �p�Â

�•�y�|
! "

RvT + RvB

2
#

1
$Ω

"
1
%

" 1
#

(3.23)

# $

�q�M�O�����Ü�U�˜�’�•�”�}�h�i�`�| %= ∆Θ/ (Θ0∆H ) �p�K�”�}

3.1.3 �Æ�z�á�ˆ�M���Ü

�7�™�t�|�Æ�z�M�²�w�—�w�m�“�ù�M�›
¯�b S�| RvB �| RvT �| %�w�����Ü�›�‹�X�}��	×	Ý�6

(" / " t = 0) �w�‹�q�p z = H �p�w�Ü (2.1b) �T�’ z = h �p�w�Ü (2.1b) �›�)�`�¾�X�}

v(H )
a

" v
"!

$
$
$
$
z=H

"
v(h)

a
" v
"!

$
$
$
$
z=h

+
[u(H )2 " u(h)2] tan !

a
+ 2Ω[u(H ) " u(h)] sin !

= "
1
a

"
" Φ
"!

$
$
$
$
z=H

"
" Φ
"!

$
$
$
$
z=h

#
+ &H { DH [v(H )] " DH [v(h)]}

+ &V

"
" 2v
" z2

$
$
$
$
z=H

"
" 2v
" z2

$
$
$
$
z=h

#

(3.24)

�¡�ˆ�•�b�^�w�h�Š�|�\�\�p�x u(! �| z) �q v(! �| z) �w�s�T�w ! �x	²�t�`�o�M�”�}�È�%�H 1 �ò

�›
°�A�b�”�h�Š�t�|
i�—�¶���ç�w�Ü (2.1c) �›�¢�S
•
ü�`�o�T�’�| z = 0 �T�’ z = H �‡�p

���Ú
u
ü�`�h�‹�w�›�ß�Q�”�}
! H

0

" 2Φ

"!" z
dz =

g
Θ0

! H

0

"#
"!

dz (3.25)

�Ü (3.20) �›�b�;�b�•�y�|�Ü (3.25) �w
u
ü�x�|

" Φ
"!

$
$
$
$
z=H

"
" Φ
"!

$
$
$
$
z=0

! "
2gH∆Θ

Θ0
sin ! cos! (3.26)
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と仮定する．ただし，!" は鉛直平均温位の極・赤道間の差である．式 (2.3) と (3.20) を
式 (3.19) に代入すれば，

1
aH cos!

! H

0

"
"!

(v#cos! )dz ! "
(" 0! H " !" )

$

"
sin2 ! "

1
3

#
(3.21)

が得られる．式 (3.21) の左辺は熱の南北移流が大気柱にもたらす正味の加熱・冷却を表
しているので，左辺の代表的な大きさは !" と南北風の強さにおおよそ比例している．式
(3.21) の両辺の大きさを考えれば，次の関係式が得られる．

!" (VT + VB )
2a

#
(" 0! H " !" )

$
(3.22)

ただし，南北風の強さとして (VT + VB )/ 2を用いている．式 (3.22) の両辺を !"# で割
れば，
! "

RvT + RvB

2
#

1
$#

"
1
%

" 1
#

(3.23)

# $

という関係式が得られる．ただし，%= !" / (" 0! H ) である．

3.1.3 �Æ�z�á�ˆ�M���Ü

最後に，南北方向の力のつり合いを表す S，RvB，RvT，%の関係式を導く．定常状態
(" / " t = 0) のもとで z = H での式 (2.1b) から z = hでの式 (2.1b) を差し引く．

v(H )
a

" v
"!

$
$
$
$
z= H

"
v(h)

a
" v
"!

$
$
$
$
z= h

+
[u(H )2 " u(h)2] tan !

a
+ 2# [u(H ) " u(h)] sin !

= "
1
a

"
" $
"!

$
$
$
$
z= H

"
" $
"!

$
$
$
$
z= h

#
+ &H { DH [v(H )] " DH [v(h)]}

+ &V

"
" 2v
" z2

$
$
$
$
z= H

"
" 2v
" z2

$
$
$
$
z= h

#

(3.24)

読みやすさのため，ここでは u(! ，z) と v(! ，z) のなかの ! は省略している．右辺第 1項
を評価するために，静力学平衡の式 (2.1c) を緯度微分してから，z = 0 から z = H まで
鉛直積分したものを考える．

! H

0

" 2$
"!" z

dz =
g

" 0

! H

0

"#
"!

dz (3.25)

式 (3.20) を利用すれば，式 (3.25) の積分は，

" $
"!

$
$
$
$
z= H

"
" $
"!

$
$
$
$
z=0

! "
2gH!"

" 0
sin ! cos! (3.26)

non-dimensionalize

relation of scales

meridional momentum eq.

38 �H 3 	· �µ�”�Í�”�é�”�Â�”�³�ã�ï�§�S�w�g�æ�$�_
u�‹�“

�q�-�‰�^�•�”�}�Ü (3.26) �t�S�M�o ! ! / !" |z= h ! ! ! / !" |z=0 �q�Ù�Å�`�h�‹�w�q�| u(H ) "

U�| u(h) " 0�| v(H ) " VT �|�f�̀ �o v(h) " VB �q�M�O�G�>	Í�z�q�•
¯
Ç�Ù�p�w�f
b
é�|�Æ

�z
é�w�§�^�›�;�M�•�y�|�Ü (3.24) �w�¤�ò�w�G�V�^�t���b�”�Ž�<�w�����Ü�U�˜�’�•�”�}

V 2
T # V 2

B

a
+

U2

a
+ 2 " U "

2gH#$
a$ 0

# 20
#H (VT + VB )

a2 + O
!

#V
VT + VB

H 2

"
(3.27)

�\�\�p�|�È�%�H 2 �ò�w��
: # 20 �x�| v(" �| H ) = VT sin 2" �q v(" �| h) = # VB sin 2" �U�>

���^�•�o�M�”�h�Š�t	Z�o�V�h��
:�p�K�”�}�b�s�˜�j�| v = sin 2" �›�Ü (2.2b) �t�E�Ö�b�•

�y�| DH (v) = # 20/a 2 �U�˜�’�•�”�h�Š�p�K�”�}�‡�h�| v �w���Ú�Ï���x�)�Q�’�•�o�M�s�M

�w�p�|���Ú�¦�„�ò�x
Y
Û�w
Ö�ø�x�ß�€�d�c�t�¦�”�¼�”�w�G�V�^�w�ˆ�G�`�o�M�” (�È�%�H 3

�ò )�}�����Ü (3.27) �w�†�%�› a" 2 �p�Â�•�y�|�Ž�<�w�����Ü�U�˜�’�•�”�}

(R2
vT # R2

vB ) + S2 + 2S " 2$RT # 20EH (RvT + RvB ) + O[EV (RvT + RvB )] (3.28)

�h�i�`�| RT $ gH# H / (a2" 2) �x�Ž
æ�ä�é�µ�Ï�”
:�p�K�“�| EH $ #H / (a2" ) �x
+���¤�«

�Ú�ï
:�p�K�”�}

�\�\�p�| Gierasch(1975) �• Matsuda (1980) �x�|�ª �” �å �³ �Ý�§ �Ç�¶ �Ü�U�‡ �X�h �Š�t �x �|


+ �� �¦ �„ �w�� �è �Ì �� �U�  �• �Ø	e �� �w	e �� �Ì �� �‘ �“ �‹ 	G
ü �t �y �X�| �T �m�� �Ú�¦ �„ �w�� �è �Ì

�� �‘ �“ �‹ 	G
ü �t �y �M�\ �q �U
ž �A�p �K�”�|�q	��Á�`�o�M�h�\�q�›�¥�M	Z�`�o�„�`�M (�€	°�•

1.2.3
…�| 1.3.3
…)�}�\�w	Ú�E�›�Á�Í�i
:�p
¯�d�y�|

EH % RvB �T�m EH % EV (3.29)

�q�s�”�}�\�\�p�|�Ü (3.14) �q (3.17) �‘�“ R! 1
vB < R ! 1

vT �s�w�p�|� �•�Ø	e���w�Á�Í�i	e��

�Ì���w�o
:�q�`�o RvB �›�;�M�o�M�”�}�Š�Z�€�‹	Ú�E (3.29) �›
²���q�b�”�}
Æ�s�Ü (3.29)

�w�†�%�t (RvT + RvB ) �›�T�Z�•�y�|�Ž�<�w
Æ�s�Ü�U�˜�’�•�”�}

EH (RvT + RvB ) % RvB (RvT + RvB ) > |R2
vT # R2

vB | (3.30)

�T�m
EH (RvT + RvB ) % EV (RvT + RvB ) (3.31)


Æ�s�Ü (3.30) �x�|�����Ü (3.28) �t�S�M�o�|
+���¦�„�ò EH (RvT + RvB ) �t
z�‚�o� �v�ò

(R2
vT # R2

vB ) �x�Á�¹�p�V�”�\�q�›
¯�`�|
Æ�s�Ü (3.31) �x���Ú�¦�„�ò O[EV (RvT + RvB )]

�U�Á�¹�p�V�”�\�q�›
¯�`�o�M�”�}�b�s�˜�j�|�����Ü (3.28) �x�|
! "

S2 + 2S " 2$RT # 20EH (RvT + RvB ) (3.32)
# $

�q�Ù�Å�^�•�”�}�\�\�p�|�(�%�H 1 �ò�x�Ý�Ä�æ�¿�«�ò�|�H 2 �ò�x�¯�æ�¦�æ�ò�p�K�”�}�È�%�H

1 �ò�x�>�y���S�—�ò�›
¯�`�|�H 2 �ò�x
+���¦�„�ò�›
¯�`�o�M�”�}

top - bottom

non-dimensionalize

relation of scales
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3.1.4 �È�q 4 �i�E
:�M���Ü

�M�‡�| 4 �m�w�����Ü (3.14)�| (3.17)�| (3.23)�| (3.32) �› 1 
Ê�w�È�q�E
:�M���Ü�i�q�ß�Q

�”�}�b�s�˜�j�| 4 �m�w�����Ü�›�|�í
U�G�>�G	e���w�›�Ã�n�Z�”�Á�Í�i�” S�| RvB �| RvT �| !

�› 4 �m�°�Œ
:�q�b�”�|�È�q 4 �i�E
:�M���Ü�i�q�ˆ�s�b�}

�g�æ�Þ�Ã�ç�•�È�q 4 �i�E
:�M���Ü! "

RvB = " 2EV S (3.33a)

RvT = " 2EV

!
S

1 + S

"
(3.33b)

RvT + RvB

2
=

1
#!

!
1
!

! 1
"

(3.33c)

S2 + 2S = 2 ! RT ! 20EH (RvT + RvB ) (3.33d)
# $

�b�”�q�|�\�w�È�q�M���Ü�w�r�x�| 3.1.1
…�T�’ 3.1.3
…�p�)�Q�h�>���w�‹�q�p�w�|�í
U�G�>

�G	e���w�›�Ã�›
¯�`�o�M�”�q�8�4�^�•�”�}

3.1.5 S �t���b�” 5 �Í�M���Ü

�È�q�M���Ü (3.33) �T�’ RvB �| RvT �| ! �›	«�ˆ�b�”�q�|�Í�w S �t���b�” 5 �Í�M���Ü�U�˜

�’�•�”�}

S �w 5 �Í�M���Ü! "
#
S2 + 2S + BS

!
2 + S
1 + S

"$ #
AS
2

!
2 + S
1 + S

"
+ 1

$
= 2RT (3.34)

# $

�h�i�`�| A " " 2#! EV �| B " 20" 2EH EV �|�S�‘�| RT �x�|�Ž
æ�Í�å�Ý�”�»�T�’�s�”
Y��


:�p�K�”�} A �x�| " 2#(H 2/ $V )! 1 �q�‹	{�Z�”�w�p�|���Ú�¦�„�w���è�Ì�� (H 2/ $V ) �t�0�b

�”�|�Ç�á�”�Ä�ï�C�ä�~�¬�k�w���è�Ì�� (#) �w�Â�ù�t
z�«�b�”�Í�å�Ý�”�»�p�K�”�}�‡�h�| B

�x�| 5[2" ! ! 1
%

(a2/ $H )! 1(H 2/ $V )! 1]2 �q	{�Z�”�w�p�|
+���¦�„�q���Ú�¦�„�w���è�Ì��

�w�2�?���É [
%

(a2/ $H )(H 2/ $V )] �t�0�b�”�|�×�8	*�8 (2" ! ! 1) �w�Â�ù�w 2 	Ð�t
z�«�b�”

�Í�å�Ý�”�»�p�K�”�}

5 �Í�M���Ü (3.34) �t�x�| A�| B �| RT �w�‹�t���˜�’�c�|
Y�w�r�x 1 �m�i�Z���O�b�” (	Â�Ì

�x 3.6.1
…�›�€	° )�}���w�r�x�| (�•
æ�U�¸�é�p�x�s�M ) 
ó
É
:�r�‡�h�x
Û�w�î
:�r�p�K�”�}

�M�‡�|
ó
É
:�r�x
ú�g�$�t�™�¯�›�‹�h�s�M�}�°�M�|
Û�w�r�x�|�G�>�U�×�8�q�o�w�M�²�t�s

�8�`�o�M�”�\�q�›�™�¯�b�”�}�\�w	Ô�ù�|�Ü (3.33a) �q (3.33b) �T�’ RvB �q RvT �U
Û�t�s

�”�}�b�s�˜�j�|� �•�Ø	e���x�Ã�p	Í	¢�`�|
z�“�p�<�ñ�b�”	e���t�s�”�}�^�’�t�|�Ü (3.33c)
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3.1.4 連立 4元代数方程式

�M�‡�| 4 �m�w�����Ü (3.14)�| (3.17)�| (3.23)�| (3.32) �› 1 
Ê�w�È�q�E
:�M���Ü�i�q�ß�Q

�”�}�b�s�˜�j�| 4 �m�w�����Ü�›�|�í
U�G�>�G	e���w�›�Ã�n�Z�”�Á�Í�i�” S�| RvB �| RvT �| !

�› 4 �m�°�Œ
:�q�b�”�|�È�q 4 �i�E
:�M���Ü�i�q�ˆ�s�b�}

�g�æ�Þ�Ã�ç�•�È�q 4 �i�E
:�M���Ü! "

RvB = " 2EV S (3.33a)

RvT = " 2EV

!
S

1 + S

"
(3.33b)

RvT + RvB

2
=

1
#!

!
1
!

! 1
"

(3.33c)

S2 + 2S = 2 ! RT ! 20EH (RvT + RvB ) (3.33d)
# $

�b�”�q�|�\�w�È�q�M���Ü�w�r�x�| 3.1.1
…�T�’ 3.1.3
…�p�)�Q�h�>���w�‹�q�p�w�|�í
U�G�>

�G	e���w�›�Ã�›
¯�`�o�M�”�q�8�4�^�•�”�}

3.1.5 Sに関する 5次方程式

�È�q�M���Ü (3.33) �T�’ RvB �| RvT �| ! �›	«�ˆ�b�”�q�|�Í�w S �t���b�” 5 �Í�M���Ü�U�˜

�’�•�”�}

S �w 5 �Í�M���Ü! "
#
S2 + 2S + BS

!
2 + S
1 + S

"$ #
AS
2

!
2 + S
1 + S

"
+ 1

$
= 2RT (3.34)

# $

�h�i�`�| A " " 2#! EV �| B " 20" 2EH EV �|�S�‘�| RT �x�|�Ž
æ�Í�å�Ý�”�»�T�’�s�”
Y��


:�p�K�”�} A �x�| " 2#(H 2/ $V )! 1 �q�‹	{�Z�”�w�p�|���Ú�¦�„�w���è�Ì�� (H 2/ $V ) �t�0�b

�”�|�Ç�á�”�Ä�ï�C�ä�~�¬�k�w���è�Ì�� (#) �w�Â�ù�t
z�«�b�”�Í�å�Ý�”�»�p�K�”�}�‡�h�| B

�x�| 5[2" ! ! 1
%

(a2/ $H )! 1(H 2/ $V )! 1]2 �q	{�Z�”�w�p�|
+���¦�„�q���Ú�¦�„�w���è�Ì��

�w�2�?���É [
%

(a2/ $H )(H 2/ $V )] �t�0�b�”�|�×�8	*�8 (2" ! ! 1) �w�Â�ù�w 2 	Ð�t
z�«�b�”

�Í�å�Ý�”�»�p�K�”�}

5 �Í�M���Ü (3.34) �t�x�| A�| B �| RT �w�‹�t���˜�’�c�|
Y�w�r�x 1 �m�i�Z���O�b�” (	Â�Ì

�x 3.6.1
…�›�€	° )�}���w�r�x�| (�•
æ�U�¸�é�p�x�s�M ) 
ó
É
:�r�‡�h�x
Û�w�î
:�r�p�K�”�}

�M�‡�|
ó
É
:�r�x
ú�g�$�t�™�¯�›�‹�h�s�M�}�°�M�|
Û�w�r�x�|�G�>�U�×�8�q�o�w�M�²�t�s

�8�`�o�M�”�\�q�›�™�¯�b�”�}�\�w	Ô�ù�|�Ü (3.33a) �q (3.33b) �T�’ RvB �q RvT �U
Û�t�s

�”�}�b�s�˜�j�|� �•�Ø	e���x�Ã�p	Í	¢�`�|
z�“�p�<�ñ�b�”	e���t�s�”�}�^�’�t�|�Ü (3.33c)

Quintic equation for S

eliminate  R vB, RvT , !  
external parameters
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3.1.4 連立 4元代数方程式

�M�‡�| 4 �m�w�����Ü (3.14)�| (3.17)�| (3.23)�| (3.32) �› 1 
Ê�w�È�q�E
:�M���Ü�i�q�ß�Q

�”�}�b�s�˜�j�| 4 �m�w�����Ü�›�|�í
U�G�>�G	e���w�›�Ã�n�Z�”�Á�Í�i�” S�| RvB �| RvT �| !

�› 4 �m�°�Œ
:�q�b�”�|�È�q 4 �i�E
:�M���Ü�i�q�ˆ�s�b�}

�g�æ�Þ�Ã�ç�•�È�q 4 �i�E
:�M���Ü! "

RvB = " 2EV S (3.33a)

RvT = " 2EV

!
S

1 + S

"
(3.33b)

RvT + RvB

2
=

1
#!

!
1
!

! 1
"

(3.33c)

S2 + 2S = 2 ! RT ! 20EH (RvT + RvB ) (3.33d)
# $

�b�”�q�|�\�w�È�q�M���Ü�w�r�x�| 3.1.1
…�T�’ 3.1.3
…�p�)�Q�h�>���w�‹�q�p�w�|�í
U�G�>

�G	e���w�›�Ã�›
¯�`�o�M�”�q�8�4�^�•�”�}

3.1.5 Sに関する 5次方程式

�È�q�M���Ü (3.33) �T�’ RvB �| RvT �| ! �›	«�ˆ�b�”�q�|�Í�w S �t���b�” 5 �Í�M���Ü�U�˜

�’�•�”�}

S �w 5 �Í�M���Ü! "
#
S2 + 2S + BS

!
2 + S
1 + S

"$ #
AS
2

!
2 + S
1 + S

"
+ 1

$
= 2RT (3.34)
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�h�i�`�| A " " 2#! EV �| B " 20" 2EH EV �|�S�‘�| RT �x�|�Ž
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z�«�b�”�Í�å�Ý�”�»�p�K�”�}�‡�h�| B

�x�| 5[2" ! ! 1
%

(a2/ $H )! 1(H 2/ $V )! 1]2 �q	{�Z�”�w�p�|
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%

(a2/ $H )(H 2/ $V )] �t�0�b�”�|�×�8	*�8 (2" ! ! 1) �w�Â�ù�w 2 	Ð�t
z�«�b�”

�Í�å�Ý�”�»�p�K�”�}

5 �Í�M���Ü (3.34) �t�x�| A�| B �| RT �w�‹�t���˜�’�c�|
Y�w�r�x 1 �m�i�Z���O�b�” (	Â�Ì

�x 3.6.1
…�›�€	° )�}���w�r�x�| (�•
æ�U�¸�é�p�x�s�M ) 
ó
É
:�r�‡�h�x
Û�w�î
:�r�p�K�”�}

�M�‡�|
ó
É
:�r�x
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�8�`�o�M�”�\�q�›�™�¯�b�”�}�\�w	Ô�ù�|�Ü (3.33a) �q (3.33b) �T�’ RvB �q RvT �U
Û�t�s

�”�}�b�s�˜�j�|� �•�Ø	e���x�Ã�p	Í	¢�`�|
z�“�p�<�ñ�b�”	e���t�s�”�}�^�’�t�|�Ü (3.33c)

This eq. has only one positive solution.
The positive solution estimates the superrotation strength.

A ! ! 2" ! EV = ! 2 "
H 2/ #V

B ! 20! 2EH EV = 5

!
2! / !

"
(a2/ " H )(H 2/ " V )

# 2

RT !
gH�H

a2⌦2

It depends only on three external parameters

: the external thermal Rossby number

: the ratio of the radiative relaxation time to the 
  timescale for vertical eddy diffusion of momentum

: the ratio of the rotation period to the 
  geometric mean of the timescales for
  horizontal and vertical eddy diffusion
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3.1.4 連立 4元代数方程式
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U�G�>�G	e���w�›�Ã�n�Z�”�Á�Í�i�” S�| RvB �| RvT �| !

�› 4 �m�°�Œ
:�q�b�”�|�È�q 4 �i�E
:�M���Ü�i�q�ˆ�s�b�}

�g�æ�Þ�Ã�ç�•�È�q 4 �i�E
:�M���Ü! "

RvB = " 2EV S (3.33a)

RvT = " 2EV

!
S

1 + S

"
(3.33b)

RvT + RvB

2
=

1
#!

!
1
!

! 1
"

(3.33c)

S2 + 2S = 2 ! RT ! 20EH (RvT + RvB ) (3.33d)
# $

�b�”�q�|�\�w�È�q�M���Ü�w�r�x�| 3.1.1
…�T�’ 3.1.3
…�p�)�Q�h�>���w�‹�q�p�w�|�í
U�G�>

�G	e���w�›�Ã�›
¯�`�o�M�”�q�8�4�^�•�”�}

3.1.5 Sに関する 5次方程式
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Û�t�s

�”�}�b�s�˜�j�|� �•�Ø	e���x�Ã�p	Í	¢�`�|
z�“�p�<�ñ�b�”	e���t�s�”�}�^�’�t�|�Ü (3.33c)

Not analytically solvable 

!

C �¢ constant�£

1 <
!

2 + S
1 + S

"
< 2

parameter dependence of the dominant dynamical balance in the meridional component of316

the momentum equation (2), such as a geostrophic balance and a cyclostrophic balance.317

We approximate the quintic equation (32), which is not analytically solvable, to the318

following cubic equation, which is analytically solvable. By letting (2 +S)/ (1 + S) ! C (a319

constant), which is valid because 1< (2 + S)/ (1 + S) < 2 for S > 0, we obtain320

!
S2 + 2S + BCS

"
#

ACS
2

+ 1
$

! 2RT , (34)321

or322

AC
2

S3 +
#

1 + AC +
ABC 2

2

$
S2 + (2 + BC)S ! 2RT . (35)323

SinceA, B , C, and RT are positive constants, Eq. (35) also has only one positive solution.324

Now, let us denote the solution of the quintic equation (32) bySt , the solution of the325

cubic equation (35) withC = 1 by SC=1, and that with C = 2 by SC=2. Figure 1 shows the326

dependence onRT of St (solid), SC=1 (dashed), andSC=2 (dotted) for 10�2 " RT " 105 with327

A = 1 and B = 10 as an example. Here, NewtonÕs method is used to obtain the values ofSt328

and CardanoÕs formula is used to obtain the values ofSC=1 and SC=2. The Þgure evidently329

shows the validity ofSt ! SC=1 for St # 1 and St ! SC=2 for St $ 1.330

Since the solution obtained by CardanoÕs formula is too complicated for analytical treat-331

ment, we consider some cases of dominant balances of Eq. (35). That is, we consider the332

situations that one of the three terms on the lhs of Eq. (35) is much larger than the others333

and nearly equal to 2RT .2 By assuming these three situations separately, we obtain three334

simpler expressions of the solution (Si ; i = 1, 2, and 3) as follows:335

S1 %
2RT

2 + BC
, S2 %

%
2RT

1 + AC + 0.5ABC 2
, and S3 %

#
4RT

AC

$ 1
3

. (36)336

For the assumed situations to be valid, the other two terms evaluated by usingSi must be337

much less than 2RT . Conversely,St can be approximated bySi when the other two terms338

2Every term on the lhs of Eq. (35) is positive becauseA, B, and C are positive and we have focused on

the positive solution (S > 0). Therefore, there is no dominant balance of Eq. (35) without the rhs.
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Solvable (using CardanoÕs formula)
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RT 1 #
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�| RT 2 #
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�p�K�” [�Ü (3.40) �w�‹	Z�x 3.6.2
…�›�€	° ]�}
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s�r�‘�“�‹���o�s�Ü�p�K

�”�}�‡�h�| St �w RT �‘��
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T �•�q�!�=�b�”�\�q�›�Ô�`�o�M�”�}�`�T�`�|�Ü (3.39)�| (3.40) �x�r�w�—�¶�$

Solution of the quintic eq.

Solution of the cubic eq.
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B 2 C 2
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A 2 C 2
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RTRT 1 RT 2
S !

RT 1 RT 2

From the cubic eq., S can be approximated as...
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(a)

B !  1
A !  1 2

(b)

B !  1
A "  1 2AC

(c)

B "  1
AB !  1

(d)
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AB !  1
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2RT
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A 2 C 2

AB 3C 4

4

returning to the meridional eq. style

S2 + 2S + BCS ! 2RT ! =
!

ACS
2

+ 1
" ! 1

=
!"

" 0! H

1. cyclostrophic balance [C]

2. geostrophic balance [G]

3. horizontal di!. balance [H]

which is dominant?
1. 2. 3.

which is dominant?
1. 2.

1. thermal advection is dominant [0]

2. thermal advection is ignorable [1]

G1

H1

C1

C1

G0

H0
C0
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4 1 Numerical experiments
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¥Time-integration was performed from motionless state.

¥We obtain steady or statistically steady numerical solutions. 

¥External parameters are...

Table 2. Values ofA, B and EV for the numerical experiments (a)Ð(d) and (d!). The values
of A and B for each label satisfy the inequalities labeled by the same letter in Table 1. Here,
A = ! 2" ! EV and B = 20! 2EH EV , and the used values of" ! and EH are also listed.

A B E V " ! EH

(a) ! 2 ! 10" 2 2! 2 ! 10" 2 10" 3 10 1
(b) ! 2 2! 2 ! 10" 2 10" 3 103 1
(c) ! 2 ! 10" 3 2! 2 10" 3 1 102

(d) ! 2 ! 10" 1 2! 2 10" 3 102 102

(d!) ! 2 ! 10" 1 2! 2 10" 2 10 10

38

RT = 10n (n = ! 2, ! 1, 0, ..., 5)
For each combination, 

is calculated.

A = ! 2! " EV, B = 20! 2EHEV
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poleequator

Sn =
U
a!

Meridional mean zonal wind at the top

numerical superrotation strength

Nondimensional zonal wind Þeld 
(u/ a! )
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(a) (b)

(c) (d)

G1
G1

C1

C1

H1
H1

RT
S

RT

S

RT

S

RT

S

C0

C0

C0

C0
H0

G0

Fig. 7. Superrotation strengthSn obtained from the numerical deep-jet solutions in steady
(solid circle) and statistically steady (open circle) states and from the shallow-jet solutions
(cross symbol) plotted againstRT (abscissa) for (a)A = ! 2 ! 10! 2, B = 2! 2 ! 10! 2, (b)
A = ! 2, B = 2! 2 ! 10! 2, (c) A = ! 2 ! 10! 3, B = 2! 2, and (d) A = ! 2 ! 10! 1, B = 2! 2.
Solid curves denote the theoretical solutionSt , the positive solution of the quintic equation
(38). The locations ofRT 1 and RT 2 are indicated by the vertical lines. The types of the
dominant dynamical balance are indicated by C1, C0, G1, G0, H1, and H0.

49

solid curve: solution of the 
                     quintic equation

where RT ! gH! H / (a2" 2) is the external thermal Rossby number andEH ! ! V / (a2" ) is

the horizontal Ekman number. The Þrst term of the left-hand side on (34) is the metric

term and the second is the Coriolis term; whereas the Þrst term of the right-hand side is the

term of potential temperature di#erence and the second is the horizontal di#usion term.

Now, let us regard (21), (23), (29), and (34) as a set of algebraic equations, that is,

simultaneous equations whose unknowns areS, RvB , Rv, and " . Eliminating RvB , Rv, and

" from the equations, we obtain

!
S2 + 2S + BS

"
2 + S
1 + S

#$ !
AS
2

"
2 + S
1 + S

#
+ 1

$
= 2RT , (35)

whereA ! #E !
V and B ! 20EH E !

V are positive constats.

This quintic equation has only one positive solution (see Appendix for the demonstration),

which is physically valid. The other solutions are complex or negative. Complex solutions

have no physical meaning in this context. Negative solutions mean that the zonal wind

rotates retrograde. According to (21) and (23), in that case,RvB and RvT must be negative;

this means that meridional circulation must be indirect cell. Thus," must be" > 1 or " < 0

according to (29). When" > 1, the indirect circulation makes the atmosphere statically

unstable in the mid-latitudes; because a hot air will be advected poleward near the surface

and a cold air will be advected equatorward near the top. When" < 0, the atmosphere in

the low-latitudes will be keep heating by both Newtonian heating and thermal advection,

and the atmosphere in the high-latitudes will be keep cooling. In both cases, the atmosphere

will not achieve a steady state, which we assumed at the beginning of this section. Therefore,

negative solutions are not physically valid.

b. A further simpliÞcation of the equations

In this subsection, we simplify the quintic equation (35) to a cubic equation, which can

be solved analytically. Then, we present a simpler expression of the solution depending on

the parameters and the parametric dependence of the dominant dynamical balance in the

12

Steady state

Statistically-steady state

Sn�• numerical 

RT
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Fig. 7. Superrotation strengthSn obtained from the numerical deep-jet solutions in steady
(solid circle) and statistically steady (open circle) states and from the shallow-jet solutions
(cross symbol) plotted againstRT (abscissa) for (a)A = ! 2 ! 10! 2, B = 2! 2 ! 10! 2, (b)
A = ! 2, B = 2! 2 ! 10! 2, (c) A = ! 2 ! 10! 3, B = 2! 2, and (d) A = ! 2 ! 10! 1, B = 2! 2.
Solid curves denote the theoretical solutionSt , the positive solution of the quintic equation
(38). The locations ofRT 1 and RT 2 are indicated by the vertical lines. The types of the
dominant dynamical balance are indicated by C1, C0, G1, G0, H1, and H0.
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Solution of the quintic equation estimates 
superrotation strength of the numerical solutions!
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5 To Earth-like circulation



5 1 Basic equations
! primitive equations
! dry Boussinesq ßuid 
! Newtonian heating and cooling
! axisymmetric with strong horizontal di!usion
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The variablesu, v, and w are, respectively, the zonal, meridional, and vertical components132

of the velocity, $ is the potential temperature, and" " p!/ ' 0, where p! is the dynamic133

pressure and' 0 is the constant density. The independent variables" , z, and t are the134

latitude, height, and time, respectively. The constanta is the planetary radius, ! is the135

angular velocity of the planetary rotation,g is the gravitational acceleration,#H and #V are,136

respectively, the horizontal and vertical di$usion coe%cients of momentum,&V is the vertical137

thermal di$usion coe%cient, %is the time constant for Newtonian heating and cooling, and138

# 0 is a reference potential temperature. The values of#H , #V , &V , and %are assumed to be139

constant for simplicity. The horizontal di$usion terms,DH (u) and DH (v), are deÞned in the140
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where & H is the fractional change in potential temperature from the equator to the pole,144

and the global mean of$e is # 0.145
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Numerical solution
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From Gierasch mechanism solution

EH : large

Numerical experiments



Equatorial jet (solid-body rotation)

mid-latitude jet

zonal wind

zonal wind at the top

B = 20! 2EHEV

small EH
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6 Summary
" We explored the strength of the superrotation maintained 

by the Gierasch mechanism in an idealized axisymmetric 
boussinesq ßuid model with strong horizontal di!usion.
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