Hamiltonian Fluid Mechanics
(Classical Mechanics applied to Fluids)
Important caveat:
Hamiltonian methods add nothing to the actual physics.
So why do it?

It is beautiful —simple, geometric.
It makes things easier to do and easier to understand.

Examples of things that are easier to do:
1. Find conservation laws.
2. Construct approximations that preserve conservation laws.
3. Choose variables for which the physics takes the simplest
mathematical form.
Examples of things that are easier to understand:
1. Why potential vorticity is peculiar to fluids.
2. Why wave action is conserved.
3. How potential energy is related to available potential

energy.

Important theme: Conservation Laws <= Symmetry Properties

This will be an elementary introduction following my book:

Lectures on Geophysical Fluid Dynamics, Oxford, 1998
Chapter 1 (pp 1-12), Chapter 4 (pp 197-206), Chapter 7
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Quick review of basic classical mechanics

Point masses moving in three-dimensional space:

d
vV, = Exi(t)

dx. dx,
Kinetic energy T= %E m, %%
Potential energy V=V(X,X5,...Xy)
Lagrangian L=T-V

5]

Action A[Xl(t)vxz(t)v---aXN(t)]=fL dt
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Hamilton’s principle:

5fL dt=0 for arbitrary 5X,~(f> with 6Xi(tl) =5Xi(t2) =0

1
For our example:

E m, dx,  dx, ~ V(X X5y, Xy )

L = il |
dt dt

N =

i

dix. +0x,) d(x. +dx.
6f Ldl‘=fdt{2 %mi ( ldt l). ( ’dt l)—V(X1+5X1,X2+6X2,...,XN+(SXN)}
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A fluid is a continuous distribution of particles.

Xl.(l‘) = X(a,b,c,z')
where
(a,b,c) =a

are particle labels assigned such that

da = d(mass)
and
oF _DF
t=1 so that 9t Dr
oa
Note: It =0 (particle labels are conserved).

For any F = F(x,y,z,t)=F(a,b,c,t) the chain rule implies:

oF JF ox JF dy OF dz OJF ot
= +———+——+——

ot oxdr dy dt Jdz dt Ot It

DF oF oF oF JF
S —=U—+V—+W—+—
Dt ox dy  dz o
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Continuity Equation
Because da = d(mass), the mass density

d (mass) o”(a,b,c)

p= d(volume) - d(x,y,z)

and specific volume

This implies

_ d x,y,z) o'?(u,y,z) &(x,v,z)+8(x,y,w)

d(ab,c)|d(xy.z) d(xy.z) d(x.y.2)
[&u v ow
=0 —+—+—
ox dy 0z

The continuity equation is a built-in feature of the Lagrangian
description.
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Hamilton’s principle for the fluid

Using the analogy with particle mechanics:

dX dx
%2 i dt dt fff 071' &1:

V(. X,....%,) = [[[ da{E(e.5) + D(x)}

E (O!,S ) = internal energy per unit mass

d(x,,z)

aQ=——"—->=_ -
ﬁ( a.b, c) = volume per unit mass

S(a,b,c)= entropy per unit mass. (3S/dt =0)
oxX ox 1%
L[x(a,r)] = fff da{%; - E(%,S(a)) - CID(X)}

E (O!,S ) is a prescribed function of its 2 arguments.

This is called the fundamental relation of thermodynamics (Gibbs,
Tisza, Callendar). The fundamental relation determines all other
thermodynamic variables.
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Hamilton’s principle states:

o[ dv fffda{%%-% - (2. 50 _q>(x)} ~0

for arbitrary 5X(3,T)

The essence of a fluid is that the a-derivatives of x enter L only
through the Jacobian

This fact is responsible for all the distinctive properties of fluid
mechanics:

1. The existence of an Eulerian description
2. The importance of vorticity

3. The conservation of potential vorticity
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Working out Hamilton’s principle:

o[ ar fffda{—g E—E(% S(a )) @(X)}

B _Px o E(aS) dx) 9P
] fdrfffd{ 7o L) 700 6x}

With the help of a useful identity:
[[[da F 52052
o” a b,c)
_ fffda F { (6, y,2) N d(x,0y,2) N c?(x,y,éz)}

a b c) o'?(a,b,c) &(a,b,c)

= [[faa F Anrs {5(5x,y,z) , x0y2) | a(X,y,éz)}

d(a.b,c) | d(x,y.z)  dxyz)  d(xy.2)
= [[[dax F {v-ox}
=—fffdx VF-6X+# F 6x'n

Gives
dx 1dp oD
fdrfffdx o {—F—;X— &x} 6X+#d0' p Ox'n
OE (a1, S)
where pP=- ol

The surface integral vanishes if the surface is rigid (6x-n) or
free (p=0)
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Thus Hamilton’s principle says that

2
X 1,2 v o 2. ly,ive-o
at® pox X Dt p

To this we may add:

d(a,b,c) 0
= —+pV-v=0
P &(x,y,z) g Dt TPV
iS(a,b,c) =0 = D—S =
ot Dt
_ 9E(a,S)
pE-— = p=p(p.S)

These are the general equations of a perfect fluid.
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Once again, the essence of a fluid is that the derivatives

ox.

1

oa .

J

enter the Lagrangian only through the Jacobian

a('x’y7Z)
&(a,b,c)

[Note: (x,,x,,x;)=(x,y,z) and (a,,a,,a;)=(a,b,c). ]

This leads to a symmetry property that corresponds to the
relabeling of fluid particles in such a way that the Jacobian is not
affected.

First suppose S=uniform, and consider a particle relabeling

a'=a+ 6a(a,b,c,r)
b'=b+ (5b(a,b,c,r)

c'=c+ 5c(a,b,c,r)

for which

(5'(a',b',c‘ ) _ o"(a,b,c)

dxy.z)  dlx.y.z)

This implies

dda Jdob Joc

+ + =0

Jda ob Jc

1.€.

da=V, x 6T(a,1)
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Since

Action - [ dr fffda{—; x_ (%)_cp(x)}

such a variation implies

§(Action) = [ dz [[f da{ It ar}

ox oX

ot Ity

Here
ox

_;a

is the change in the time derivative caused by holding fixed a
different set of labels.

We compute:

x| x| oxdaf | XD X
Jrl, Jdr|, dadr|, bir|, dc dt|,
Cotl, da orl. b or|, dc o
Thus
7). d0 dx ddb 07X0"(5
o X __xd0a| _x 90| x| |y
Jt da agrl|, ob ar|, dc 0"‘5
and hence

Actlon f dt f f f a;; j;c &071 j
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. o | dx. ox.
8(Action) = fdtfffda E( ;: a;;) da,

ox. ox

Define 4; = a_é; anduse Oa= V, x (5T(a,17)

J

Then
A= [dr[[[ da %(VaxA)-5T=O

In summary: For the homentropic case, the particle-relabeling
symmetry property leads to the fundamental conservation law

where
_ Jd d Jd

: _(o"a’db’ac)_(da]’&az’o'?ag,)

1s the gradient operator in label-space, and
A =(A,A,A)=uV,x+vV y+wV, z
1s the “velocity measured in Lagrangian coordinates.”
This is law the most general statement of vorticity conservation for
homentropic flow. It implies Ertel’s theorem, Kelvin’s theorem,

helicity conservation, and any other vorticity theorem you can
think of!
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Rule #1: Every result obtained by using Hamiltonian methods
can also be obtained without using Hamiltonian methods.

This means we must be able to derive the general vorticity theorem

J
—(V,xA)=0

directly from the equations of motion. It is instructive to do this!

The curl of the momentum equation gives the well-known vorticity
equation

%w+w(v-v)=(w'V)v+Vpr(%) w=Vxv

Combining this with the continuity equation gives
ﬂ(ﬂ) - (ﬂ-v)v + Lops v(l)
Dt\ p p p p

In the homentropic case, P = P(P), o

D

Do)_(o g,

Dr\ p p
This is the same equation as for an infinitesimal displacement
vector Or between fluid particles:

iér =(6r-V)v
dt
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If O is any conserved scalar,
Do _

=0
Dt

then

d

—(6r-ve)=0

dt

a)

By the analogy between o and Or it follows that

2(9 : VG) -0

Dt\ p

This is Ertel’s theorem for a homentropic fluid.

Now let
6,(x,1), 6,(x,t), 0,(x,1)

be three independent scalars satisfying:

D6, _0, Do, _0, DO, _0
Dt Dt Dt
D W
Then E(QI’QZ’QS) =0 where Q= ; Vo,
Think of
V6, V6, V6,

as basis vectors.
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If
v=AV6, + ANV, + AV,

and
d6, d0, do, = d(mass)

Then
Q=V,xA

Identifying 6,,0,,0; with a,,a,,a, we have

0
—(V.xA)=0
ﬁr( a X )

This is the same conservation law that was derived more directly
from Hamilton’s principle and the particle-relabeling symmetry!
There:

A =(A,A,A)=uV,x+vV y+wV, z

For homentropic fluid, the conserved Q is just “ordinary vorticity
measured in Lagrangian coordinates.”

For the non-homentropic case

B(Q-Ve) - L ve-(vpxvp)
D\ p p
Since
p=p(p.S)
we have
2(9- VS) -0
Dt\ p
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To obtain the non-homentropic result from symmetry:

Note that since

and

The easiest way to do this is to choose S=c. Then we find that
sa=-"sy(ar), b="oy(ar), & =0
ob da

instead of

da=V, x 6T(a,1)
The more restricted variation leads to

% 1%
E[(Va XA)'VaC] =£

=0

(Vx:))-VS]
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Overall summary:

In homentropic fluid, the particle relabeling symmetry leads to the
conservation law

0

— (V. xA)=0
ﬁr( a X )
where

A =(ABC)=uV x+vWV,y+wV 2

or, equivalently,
v=(uvy,w)=AV a+BV b+CV c

The conserved potential vorticity is a vector.

In the nonhomentropic case,

V.S(ab,c)- i(Va xA)= A

— — (V. xA)-V,5]=0

The conserved potential vorticity is a scalar.
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Corollaries

The (homentropic) conservation law

V,xA)=0
ar( xA)

has many consequences.

These include:

Kelvin’s theorem:

q A-a’a=ig§ v dx=0
dt dt

Helicity conservation:

—fffdaA (V,xA)= fffdvaxv) 0
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