Dynamics of astrophysical discs Lecture 1

FDEPS, Kyoto | 29.11.11

Gordon Ogilvie giolO@cam.ac.uk

DAMTP, University of Cambridge

NASA
2011E12H19H AEH



mailto:gio10@cam.ac.uk
mailto:gio10@cam.ac.uk

1-01

" FDEPS, Kyoto
OUtllne © GIO 2011

Lecture 1: Introduction to astrophysical discs
e Occurrence of discs, physical and observational properties
e Orbital dynamics, mechanics of accretion

e Equations of astrophysical fluid dynamics and MHD

Lecture 2: Evolution and structure of discs
e Evolution of an accretion disc

e Vertical disc structure, timescales

Lecture 3: Local approximation and incompressible dynamics
e Shearing sheet, shearing waves

e [ncompressible dynamics: hydrodynamic stability, vortices
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Lecture 4: Compressible dynamics of astrophysical discs
e Compressible dynamics: density waves, gravitational instability

e Satellite-disc interaction

Lecture 5: Magnetohydrodynamics of astrophysical discs
e Magnetorotational instabillity

e Jet launching

Seminar: Astrophysical tides and planet—star interactions
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Astrophysical discs FDEPS, Kyoto

Continuous medium in orbital motion around a massive central body

orbital dynamics / N fluid dynamics /
celestial mechanics

continuum mechanics

e Usually circular, coplanar and thin

e Usually Keplerian (dominated by
gravity of central mass)

1/2
O — (G]3\4>
r

e Shearing, dissipative systems
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Astrophysical discs FDEPS, Kyoto

Continuous medium in orbital motion around a massive central body

orbital dynamics / N fluid dynamics /
celestial mechanics

continuum mechanics

e Usually circular, coplanar and thin

e Usually Keplerian (dominated by
gravity of central mass)

1/2
O — (G]3\4>
r

e Shearing, dissipative systems

e Accretion disc (angular momentum
out, mass in, energy liberated)
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Occurrence of discs FDEPS, Kyoto

e Spiral galaxies (different: dark matter, stars, time-scales)
e Active galactic nuclel, quasars

e |[nteracting binary stars

e Protostellar / protoplanetary discs, solar nebula

e Planetary rings, circumplanetary discs

e Very rapidly rotating stars (Be stars)

e Exotica : supernovae, gamma-ray bursts, ...

20115F12819HAEH
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Core of Galaxy NGC 426l
Hubble Space Telescope

Wide Field / Planetary Camera

Ground-Based Optical/Radio Image HST Image of a Gas and Dust Disk

) >

380 Arc Seconds B 17 Arc Seconds .
88,000 LIGHTYEARS 400 LIGHTYEARS

Hubble Space Terescope

2011E12H19H AEH



NASA

2011E12H19H AEH



1-06

Formation of discs FDERS, Kyoto

e Collapse of rotating cloud (e.g. star formation)

e

rapidly rotating centrifugally
supported

slowly rotating

20115F12819HAEH
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Formation of discs
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e Mass transfer / tidal disruption / merger

binary star

critical equipotential
(Roche lobe)

satellite

Hill “sphere”

e Other scenarios: captured stellar winds, stellar pulsations, ...

20115F12819HAEH



disc or disk ?
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Physical composition FDEPS, Kyoto

e Weakly ionized H / H2 gas + solid particles (protoplanetary discs)
aspect ratio H/R < 0.1, temperature 10K < T < 10°K

e Dense H / He plasma (interacting binary stars, AGN)
aspect ratio H/R < 0.03, temperature 10° K <7 < 10" K

e Nuclear matter (exotica)

e Metre-sized iceballs (dense planetary rings)

aspect ratio H/R ~ 10", random velocity ~ mms™*

e Dilute plasma (some cases of black-hole accretion flows)

Relevant descriptions:

e Gas dynamics + relativity

e Magnetohydrodynamics + radiation forces
e Kinetic theory where needed

20115F12819HAEH



Characteristic length-scales and orbital periods
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e Planetary ring:

e Protoplanetary disc:

e X-ray binary star:

e AGN:

e Parsec
e Astronomical unit

e Solar radius

r ~ 10°km, ¢t ~ 10 hr

Fout ~ 100 AU, tout ~ 1000 yr
T'in °~ 0.01 AU, tin ~ 10 day

T'out ™ R@, tout ~ hr — day
rin ~ 10km, ti, ~ 1072 s

T'out ™ 0.1 PC, tout ~ 1000 yr
Tin ~ AU, tln ~/ hl"

pc = 3.086 x 10'% cm
AU = 1.496 x 10'° cm

Ro = 6.960 x 10'° cm

20115F12819HAEH
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Configurations: binary stars FDEPS, Kyoto
circumstellar disc(s) circumbinary disc
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Configurations: protoplanetary systems FDEPS, Kyoto

®

embedded planet gap-opening planet  circumplanetary disc
interior + exterior discs
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Observations: Saturn’s rings FDEPS, Kyoto

e Galileo (1610)

SMAISMRMILMEPOETALEUMIBUNENUGTTAUIRAS
ALTISSIMUM PLANETAM TERGEMINUM OBSERVAVI
| have observed the most distant planet to have a triple form

e Huygens (1659) Galileo, 1610

AAAAAACCCCCDEEEEEHITNLLLLMMNNNNNNNNNOOOOPPQRRSTTTTTUUUUU
ANNULO CINGITUR TENUI PLANO NUSQUAM COHAERENTE AD ECLIPTICAM INCLINATO
It is surrounded by a thin flat ring, nowhere touching, and inclined to the ecliptic

.... uys, I6:tem aturim, pp-84
e Hooke, Cassini, ..., Laplace, Maxwell, ...
e Voyager 1 and 2 flybys (1980-1)

e Cassini in orbit (2004-)

20115F12819HAEH
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Observations: Saturn’s rings FDEPS, Kyoto

i 5:3 BW Pr13:12 Mi5:3DW Ja11:9 Pr14:13 Pa11:10 Pr15:14 Pan wake Pa12:11 Pr17:

Pa10:9 | L 1 1l 1 1 Enckegap 1 1

e waves, wakes, gaps, ringlets, braids, shepherds, propellers, ...

®ciclops.org

Cuzzi, et al., 2010:Science, 327, 1470

20115F12819HAEH


http://www.archive.org/web/20011202230603/http://www.accretiondisk.org
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Observations: protoplanetary discs FDEPS, Kyoto

e Nebular hypothesis (solar nebula):
Swedenborg, Kant, Laplace (18th century)

e Direct observations of protoplanetary discs (Hubble ST, 1995-)

Q0 =»e BE"

-

e Extrasolar planets around main-sequence stars (1995-)

e Debris discs and transitional discs (Spitzer ST, infrared, 2003-)

Hubble Space Terescobe

20115F12819HAEH



Observations: cataclysmic variable stars

1-15
FDEPS, Kyoto
© GIO 2011

E’:«:ﬁ;m\ -‘.‘A'L‘.A“.'.‘,"_is'.q-..'-_\ L a‘;zﬂ:gﬁ‘.\\',.,\ \Ax‘n\‘Ef'ﬁzo“.:s\_;!\‘w;?;—
10 « 2 ;._:..:_:-.-~..'::, R _l:.'--..:.'..:l.. IR :'._-,,
12 [ty N WA o il g B 9 TSR e Ve T Y UMWY t.ﬂ\-' Yalie WAt . w..;ﬂ&.v WAL e WY
" L 1907 1514 4
R | i) e b . A N\
ofi1 411 21304 L ARAAM M***r~*at'f=%*W**&¥3“=e=t
v;.-_r':ﬂﬂ-hl‘ﬂwwh #v'H\°«*¥Uu\suuw.ubuv*wuu—u o N el o it
g |- 1914 . R o 1921
..;:".“‘”ii‘!:‘#zﬂ‘ AN 4 Y A3 A ALY 1 A Y]
-;vttsuw)u\'uu.”wbh-.\u.uk-\.l')\'l"’k\(u"h-lvf\dwm\...—'-d-h\.b"o \-“’V\-Nw.bu&.w.
a |- 1921 1928 ]
ofs A1 A AR AR A A AGLA AL A Raap s L REAGA D AN 120N

12 i - ubb?\u\«h (PR uk\.q‘J Nioke Wih &.\. u“ue w\fut..; lev\ﬂ UGS OFLIRRL L WL W VD SOV LT

lf...'.ﬂl'-“ﬂ'u‘ "\.‘ ) ‘ !". \:1‘,. \' ‘D% }. | .‘."‘-;*‘k \.\,’.‘: i Q ‘. .\.H"!-

wop e Vo 532.: i > oAy 3 5NoA

;m\:“ah—l\u-u-w NMLVAW““hb Yo b X NG A ~m'uwbs-un‘uw -v!vd\n'b." v"g.-“h.&

A

1942

E'—fim‘:".a*'l ".‘1.-\' -"-.:“ -‘.h,"-g R REBIEARBTE IR
10 =1 - L by l, A S 22 it ‘ ) . - $ o 1 . ag b on

Py W .....u-w-..v od tous O ‘t#'&‘c,c \\. valith \H\r\' "d ‘“WVEH 'rwuvuwv.i;q'... &“-d
a |- 10a2 . % BT - T030 o
shasi Nyl %) ﬁ,\s-;z:...*.'.s*;u a3 e v !
U= . (RN I R ¥ d 3 4 5

12 ;‘ ~F U-J‘Lﬂh’n) [ Ty \...-...a [ TR ww o< Sy e ~~ [P -uh-n s \w-w \l-\-:by» -acﬁ. e ’F-L-&- \’.f

B = 1948 : 1556
.l._,a_f-..:"‘\.‘f,",‘\.\x .%_!'\:n"\_-_;};\: ‘,;“",x’:_‘. Y ..~.3“ 148

12 tu AW il “W'b u-v-a..a-h.\.k-&l.-q e i ﬂwbw --\dd'..— rt W Q.h-.-lw &\-\,-. &J\“" N"..

B'-"*.'-""\ o TN, . > . - S
BT Rt Y 1t o 4t et A LA AM Y

- T 2 ok 563
.~,._.‘ ... R .;)‘ v e A })I\'*"‘ A-\'"«“ “‘1‘:‘ | 3‘,! ‘l:::-,"
v - . . . . - Y ® I‘ v . —
2 I S M W . e e R e ot W s «.mubw—um 6N BAVARL i i i i e iein

g = 1959 970
q‘ - A sy A ‘Q\’$‘” t‘.‘ A - ..'_. CA s A Ay .
0 " : '\“;""'-' ‘ .\‘\‘- 18 I i - ‘\’1 s : :

8 ‘\:J!P‘!q‘ﬁ‘l\\lﬂ\ 3‘.}.\ 1"\‘B:\..A‘\\‘;xﬂttlgq‘:\uc

-
Qs'.‘
.'*H g

l‘\

loes =

1 < 0

o

1
_ SYEELEIRBRESIEY
12 (- N\.,uu LY 2 FEEH V\r\‘ Wi 2 -..v‘-\d i, u*&wh udow m«; v\uuu. ‘...Ju. e s ’»'y-"",."q:u l‘\-i:
\
I

™ t \ - - L1 | 3 ' 5 L
12 —,--:\.J \\h\\. g/ & Pt Tt uugw.—u‘—o\'“k .a\..o\-.m. - ’!‘"\- w ’W.h"*w we&\;dw T Uy e

1977 10984 _]
g :'.'t‘%.‘ \ '."u(’ﬁl A TR | 4 \. 2 “f-.\.o_ﬁgﬁ. %{ \0 5\ 1 \z" ’. . .‘ . ’. . aa
( % . L 3 . . .i . :

o 2 1

- S

10 b=p :;" - % RS 1 _ \ '

bﬁ&bhk\—-h" ‘\,u\.s—.wu-uﬁ‘uwk-h-t\—\vn waub h—J‘\-L “(1#‘4 "W‘Ju \-\JWL\’-W‘.\' J\-L&

ﬁ".{“‘\b’.-'l‘,.\.‘lt‘\tl~11\_*,'_ﬁ_th\h'_\!a‘\l\.\tazﬂ. 5“*"}‘.1‘.1{”‘5

il B, S x °§ 3 - SR 14 "‘ : o} ' e x5 : 'i;':f ‘s 3 *3—
- . s 1

i

12 e e NJ\-.L'L “HU uuuub\-lﬂ\-bh\.w\' "\'-'"—'v-vvw -\.-Llw hwWL»bhw\'bnw—uu

—

8 = 190 1667

ohrIAtARY 10 AT ERALT LA Af TP A A ER Y A )
A o BT S e o3 2 1 i - . 1 14 e - dE g1 . ‘-1
12 B an KNL\-\-\-H‘--‘J-—MW\‘.W\-' L-g_o\—- a,-uw-r 'Jn-.- \b&-—:*u-.mt-uv-uu\"-uu\-\p [ g
b= 1507 2004 ]

E\‘."n\‘\! ;-‘t'\"'“}\ EHES R e iy by .‘.*..u"‘nﬂt\'t‘i“\l:
.(:,,_.. .u - . s . H

: . . R SR Sy “ L DEAE - :
h.\-ok-i v-‘\-\.. - ’Nk".}\.&‘.\: s "W\' )\JV\'&’~U R -L~‘\-- v h.-‘u-w\-\-‘rs- ol -‘UL -\- vvk -Vu \‘\h

‘!‘-.’.'.l‘i\”‘i!‘*g‘h-\, A A R E Yo Qoo 5ol

1 ¢ " g .; o 13 3

12 {;“\‘J Yol WiV nU (R O PR P \-.-b\-\., v.,‘, ..g...g_.uuww ‘!" Luvw bu\.q

—-

http://aavso.org/

SS Cygni
dwarf nova

V magnitude
(range 12-8)
1900-2010

aavso.org

Also UV and
soft X-rays
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Observations: X-ray binary stars (1960s-)
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FDEPS, Kyoto
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Unsteady accretion :

. *.Sources of variability ... = ..

R Aymes 2007
http://www.phys.lsu.edu/~rih/

2011E12H19H AEH : .


http://www.phys.lsu.edu/~rih/
http://www.phys.lsu.edu/~rih/

For an alternative point of view, try
http://web.archive.org/web/2011202230603/http://

www.accretiondisk.org/

20115F12819HAEH


http://web.archive.org/web/2011202230603/http://www.accretiondisk.org/
http://web.archive.org/web/2011202230603/http://www.accretiondisk.org/
http://web.archive.org/web/2011202230603/http://www.accretiondisk.org/
http://web.archive.org/web/2011202230603/http://www.accretiondisk.org/
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Orbital dynamics FDEFS, Kyoto

e Jest particle in gravitational potential ¢
e Cylindrical polar coordinates (r, ¢, z)

e Newtonian dynamics

e Assume: b =d(r,2) axisymmetric

O(r,—z) = P(r,z)  symmetric

e Special case: &= —GM(r?+ 22)"1/?

point-mass potential =& Keplerian orbits

20115F12819HAEH



Orbital dynamics
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e Equation of motion

e Specific energy

e Specific angular momentum

- gt =0,
ré + 2i¢ =0

Y

e = 1|7|? + ® = const

h = 7°2g.b = const

e Reduces to 2D problem r= —@iff
Z = —CID’ef

h2

e Effective potential oM = ¢ 4 52

20115F12819HAEH



Orbital dynamics
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e Circular orbit in midplane (z = 0)

0 = @ (r,0)
h2
0= (r,0) = @ ,.(r,0) — —
’ T
h2
i - ®(r,0)
e Important relation
deo  hodh, R
— >+ & _ 40
dr r2 dr /3 /4V@(/S
d 'e) ho y
- _ —— = ¢ p— QO

dh, r?

v by symmetry

> defining ()

Eo(T)

orbital angular velocity

20115F12819HAEH
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Orbital dynamics FDEPS, Kyoto
© GIO 2011

e Keplerian case

o(r,0) = - M

GM
2r

1/2
Q. — (GM)
"3

20115F12819HAEH
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Orbital dynamics FDEFS, Kyoto

e Reminder of general Keplerian orbits

. GMr
3
dh d(rxr)—fxf%—rx'i‘—()
At dt B

e Orbit is confined to plane L h, so introduce polar coordinates (r, ¢):

- GM .

i —ro? = 5 h = r%¢ = const

o Let » = 1/u and note that 4 _ gb— hui
B dt~ "d¢ | d¢

d d /1

hu*— |hu*— [ = || — h%u® = —GMu?
io [ (0).

dzuI GM

doz T Th?

20115F12819HAEH



1-22

Orbital dynamics FDEPS, Kyoto

© GIO 2011
d?u GM
U =
do? h?
e General solution (with two arbitrary constants)
GM A
U= 14 ecos(¢p — w)] r T+ ccos(d — )

e Polar equation of conic section:

Do

e=20 O<e<1 e =1 e > 1
circle ellipse parabola hyperbola
bound bound marginally unbound

(e < 0) unbound (e > 0)

20115F12819HAEH
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Orbital dynamics FDEFS, Kyoto

e Perturbations (dr, dz) of circular orbits in midplane (i fixed)

or = —Q26r 02 = @ (r,0)
0z = —02 62 02 = @?foz(r, 0)

[©%(r,0) =0 by symmetry]

(2. usuallycalled &+  (horizontal) epicyclic frequency

(2, sometimes called p  vertical (epicyclic) frequency

e Orbitis stableif Q>0 (.e. x*>0) and Q2 >0
l.e. if orbit is of minimum energy for given h

20115F12819HAEH
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Orbital dynamics FDEPS, Kyoto
© GIO 2011
e Now
2
= (r0) 4
T
_d (hZ\ | 3h3
odr \ 3 r4
-1 dhZ
3 dr
= 407% + 2rQ, d<,
dr
Q2 =& . (r,0)

20115F12819HAEH
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Orbital dynamics FDEFS, Kyoto

e Keplerian case

k=, =)

descending node

pericentre

ascending node

Kk = () (), =)

eccentric Keplerian orbit inclined Keplerian orbit

20115F12819HAEH
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Orbital dynamics FDEFS, Kyoto

e Precession

o If K = and/or €1, = (), describe as slowly precessing orbit

. . o 2
e Minimum r (pericentre) occurs at time intervals At = il
aY
272
Ap = °
K
()
= 27 (— — 1) + 27
Y
()
— 27 (— — 1) mod 27
Y
A ¢ http://en.wikipedia.org/wiki/File:Perihelion_precession.svg
e Apsidal precession rate N ) — kK

e Similarly, nodal precession rate = () — (),

20115F12819HAEH


http://en.wikipedia.org/wiki/File:Perihelion_precession.svg
http://en.wikipedia.org/wiki/File:Perihelion_precession.svg

Orbital dynamics FDggﬁg;%?%

e Example 1: Kerr metric of rotating black hole

e Dimensionless spin parameter: —1 <a <1

e From general relativity: (let a < O for retrograde orbit)
c3 1 r
Q p— T —
GM \ 23/2 +a GM/c?

2
% =1 — 62" + 8ax3/? — 3222
QQ
Q—’; =1 —4daz"3/? 4+ 3a%z 72

e Precession rates far from black hole (x > 1):
3¢ 3(GM)3/?
GMx5/2  ¢2y5/2

 2ac® 2a(GM)?
T GMz3 T B33

() — K~

Einstein

-,

Lense-Thirring

20115F12819HAEH
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Orbital dynamics FDEFS, Kyoto
ee.g.a=20.9
event
horizon 02 . (T3 /GM)
10F
06 E marginally
I : stable
04 - I
02F
OO | | ] :I;
10 15 20
—0.2 -
04f !

unstable
circular orbits

20115F12819HAEH
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Orbital dynamics FDEFS, Kyoto

e Example 2: Exterior of rotating planet or star (Newtonian)

e Multipole expansion in spherical polar coordinates (R, 0, ¢):

GM | & (R
d = = 1—7;2Jn (E) P,,(cos 8)

multipole Legendre_
coefficient polynomial

e e.g. Saturn: Jo =~ 1.63 x 1072, Jy ~ —9.4 x 107*

20115F12819HAEH
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Orbital dynamics FDEPS, Kyoto

© GIO 2011
b — Gg 1—ZJ< )” (cos@)_
e Find: |
02 _ C’;]B” 1_i(n+1)J (%)npn(())_
2 Cfg” 1+Z n+1)(n—1)J, (%)npn(())_
=9 [ S (B o
5 n—22

e Related by x* + Q2 = 2Q° (potential satisfies Laplace’s equation)

20115F12819HAEH
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Orbital dynamics FDEPS, Kyoto

© GIO 2011
e Precession rates for large r (using P>(0) = —1/2):
2
() — Kk = §J2 (&> ()
2 r
2
() — Qz ~ —§J2 (ﬁ) ()
2 r

e e.g. F ring of Saturn:

() — k=~ 0.0045Q ~ 2.6° /day

20115F12819HAEH
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Mechanics of accretion FDEPS, Kyoto

e Consider two particles in circular orbits in the midplane
e Can energy be released by an exchange of angular momentum?

e Total energy and angular momentum:
E =FE1 + Ey = mie; + maes
H=H, + Hys =mih; +maho

¢ |n an infinitesimal exchange:

dE = dFE1 + dEs = m1Qq dhy + moQs dhs
dH =dH; +dHy = midhy + modhs

o If dH =0 then
dE = (21 — Q9)dH;

e In practice d€2/dr < 0

e Energy released by transferring angular momentum outwards

20115F12819HAEH
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Mechanics of accretion FDEPS, Kyoto

e Generalize argument to allow for exchange of mass:
dM:dml—l—dmg =0

dFE = (Ql — Qg) dHq + [(81 — hlﬂl) — (82 — hQQQ)]dml

e In practice d(e — hQ))/dr = —hdQ)/dr >0

e Energy released by transferring angular
momentum outwards and mass inwards

e This is the physical basis of an accretion disc

20115F12819HAEH
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Astrophysical fluid dynamics (AFD):

e Basic model: Newtonian gas dynamics:

0 1
8—1; tu-Vu=-V>&— ~Vp u velocity

P ¢ gravitational potential
op .
aJru.vpz_pv-u p density
5 p pressure
8_2759 tu-Vp= -V -u ~ adiabatic exponent

e Compressible
e |deal (inviscid, adiabatic)
e Non-relativistic (Galilean-invariant)
e Lagrangian (material) derivative:
D 0

20115F12819HAEH



1-35

Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Gravity:
e Non-self-gravitating fluid:
e d is prescribed (fixed / external potential)
e Self-gravitating fluid:
e O s determined (in part) from the density of the fluid:
V20 = AnGp

20115F12819HAEH
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Extensions of the basic model:
e Viscosity:
e Usually extremely small
e May be needed to provide small-scale dissipation

e May be introduced to model turbulent transport

ouw _ v T viscous stress tensor
ot p 11 (shear) viscosity
T =2uS + up(V - u)l up bulk viscosity

| . 1 S shear tensor
S = 5 Vu+ (Vu)'| - §(V -u)l I unit tensor

kinematic viscosity v = u/p

20115F12819HAEH



1-37

Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Non-adiabatic effects:

e Thermal energy equation: 1" temperature
Dis s specific entropy
pTD—t =H-C H heating / unit volume
| C cooling / unit volume
* Heating: (non-adiabatic effects)
e \iscous:

H=T:Vu=2uS*+ u,(V-u)?

e Cooling:

e Radiative: C =V . F

e Diffusion approximation:

(optically thick regions) o Stefan-Boltzmann
16573 constant
F = b \i K O It
3%p paCIy
(Rosseland mean)

20115F12819HAEH
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Equation of state:

p=p(p,T)
¢ |deal gas with radiation: k Boltzmann constant
kpT AoT4 tm Mmean molecular weight
P=PgtPr= My 3C m,, proton mass
. . speed of light
e pr important at very high T ¢ SP J

e 1y = 0.9 for fully ionized H, u., = 2 for molecular H, etc.

e Thermal energy equation in dynamical variables:

1
pl'ds = ( 1) (dp ledp)
V3 — P

1 Dp  mpDp\
- (51) (B =) e

e For ideal gas of constant ratio of specific heats, v = v =73 =7~

20115F12819HAEH
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Extensions of the basic model:
e Magnetohydrodynamics (MHD)
e Radiation hydrodynamics (RHD)
e Relativistic formulations

¢ Kinetic theory / plasma physics

e Simplifications of the basic model:
e [ncompressible fluid: V -u =0
e Boussinesq / anelastic approximations

e Barotropic fluid: p = p(p)

20115F12819HAEH
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Magnetohydrodynamics (MHD):
e Electrically conducting fluid (plasma, metal, weakly ionized gas)

e Pre-Maxwell equations (without displacement current):
OB

o =~ VvV XE B magnetic field
v.B-0 solenoidal E electric field

constraint J electric current density
V X B = ugd 1o permeability of free space

(V - E equation not required)
e Galilean invariance:
' =x — vt B' =B
t' =1 E'=FE+vxB
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Ohm’s law:

J =ocF’ in rest frame of conductor
o . electrical conductivity

= J=0(E +u x B) for conducting fluid with velocity u(x,?)

e Combine with Maxwell:

0oB
e —V x E magnetic diffusivity
1
:Vx(uxB)—Vx<£) n=—
O HoO
=V x (ux B) -V x (nV x B) x resistivity
=V x (u x B)+nV’B if n uniform

e “Induction equation”: vector advection-diffusion equation

cf. vorticity equation %—j =V x(uxw)+vViw for w=V xu
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e |deal MHD (perfect conductor: ¢ — oo, n — 0):

aa—lf:Vx(uxB)

=B -Vu—u-VB— B(V - -u)+u(V-B)
e Magnetic field is “frozen in” to fluid:
e Field lines behave as material lines
e Magnetic flux through an open material surface is conserved

e Valid for large magnetic Reynolds number

— Lu cf. Re = LY (advection versus diffusion)

] 1
e Much easier to achieve on astrophysical scales

Rm
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e | orentz force per unit volume

F,.=JxB
1
= —(VxB)x B
Ho
1 B|?
- 5. vE-v ()
Ho 2140

curvature force: gradient of
magnetic tension magnetic pressure

B|? B|?
T = B Pm = B (= magnetic energy density)
140 240
Frp=V-M If B=PBe,,
BB |B|? _
M — B I Dm 0 0
1o 2140 M = 0 —Pm 0

Maxwell stress tensor 0 0  Tm—Pm
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e | orentz force:

e Magnetic tension + frozen-in field — Alfvén waves

7o\ /2
Vg = (—m> cf. elastic string
0

va = (uop)~Y2B  vector Alfvén velocity

e Magnetic pressure = magnetoacoustic waves
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FDEPS, Kyoto

Equations of astrophysical fluid dynamics EPS, Kyote

e |deal MHD equations:

1 1
a—u—krou:—VCI)——Vpl (Vx B)x B
ot p Y
%qtu-Vp:—pV-u
%Jru-Vp:—vpV-u
B
%—t:Vx(uxB)

V-B=0

e Or can expand out X X

e ¥ and J eliminated
e Nonlinearities in equation of motion and induction equation
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Jotal energy equation in ideal MHD:

s, | B|? E x B
g{p(%‘UP—F@—F@) | 2#0} -V . {pu(%\u\QJr(I)er) | ", } =0
f [
specific specific Poynting
internal enthalpy  flux
energy
E=—-—uxB

e For ideal gas of constant v :

e — b
(v —=1Dp
p VP
w=e+ — =
p (y—1)p

o With self-gravity, ® = @i,y + Pexr and only 3 Ping + Peoxy
contributes to the energy density
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Equations of astrophysical fluid dynamics FDEFS, Kyoto

e Forces as the divergences of a stress tensor:

e Equation of motion can be written

Du
— = —p9VP+V-T
Ppr = TPVET

e Related to conservative form for momentum:

9,
a(pu) +V - (puu —T)=—pVD
e Contributions to stress tensor T :
o pressure —pl BB |BJ|?
. e magnetic I
® viscous 2uS + ,LLb(V . ’U,)I J o 210
gg gl

I (check using Poisson’s equation)
V20 = AnGp g=—-Vo

e also turbulent stresses from correlations of fluctuating fields

e self-gravity i T ReC
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)
Reference FDEPS, Kyoto

e AAVSO,
http://www.aavso.org/

e G. Galileo, 1610: Sidereus Nuncius,

e C. Huygens, 1656: De Saturni Luna observatio nova

e C. Huygens, 1659: Systema Saturnium, pp84

e HubbleSite-Out of the ordinary...out of this world,
http://hubblesite.org/

e J. N. Cuzzi, J. A. Burns, S. Charnoz, R. N. Clark, J. E. Colwell,
L. Dones, L. W. Esposito, G. Filacchione, R. G. French, M. M. Hedman,
S. Kempf, E. A. Marouf, C. D. Murray, P. D. Nicholson, C. C. Porco,
J. Schmidt, M. R. Showalter, L. J. Spilker, J. N. Spitale, R. Srama,
M. Sremcevic, M. S. Tiscareno, J. Weiss. 2010: An Evolving View of
Saturn’ s Dynamic Ring, Science, 327, 1470 --1475
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)
Reference?2 FDEPS, Kyoto

e NASA-Home,
http://www.nasa.gov/

e Rob Hynes,
http://www.phys.lsu.edu/~rih/

e www.accretiondisk.org,
http://web.archive.org/web/2011202230603/http://
www.accretiondisk.org/

® Perihelion precession.svg,
http://en.wikipedia.org/wiki/File:Perihelion_precession.svg
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