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RN THHEE
PHER/MITHEFTFHETH L. ER. WZEEDEEEX
FRTHIELT
V(x) :=f(x —%) W(x-%)p(x)d"x

(';I; = —2fW(X — ﬁ)p(X)d”x = ZW(ﬁ _fxp(x)dnx)= 0

o X =fxp(x)d”x
WRTE B /NG3 AL TE

FHNE x,/ DEENSL BEEEBRKLNAIRATISETAIL.
BAIT—A Y ISEBFAMEMSEL. y, - H,(x,”) 22T
W TR TES,

X, = ka + K, (Yk _Hk(xkf))
CDREDT T, BTREDTHZEHR/NMNITHEZHETIEET S,




R/ EIHHERE (2)

FRITERE
Ax, = ax,” +K, dy, - 4H," )
Ax=x" X, Ax,” =x," -x,

Ay, =y, - H (x,), Aka :=Hk(xkf)_Hk(Xk)
fEfTERE H 28T S
a a a T
P~ = <Axk (Axk ) >
=P+ Kk(Rk +P )KkT -PK, -K P
R, = <Ayk(AYk )T>
P = <Axkf (Axkf )T>, P = <Aka (Aka )T>
P = <Axkf (am,” )T> (e
FRERELERAZEEDORBIZIFZFEEIIZINELTUNS,



BRI/ EHHERE (3)

RITRENRZH/NIT S K, ZRDDE=HIZ. K, ICHATHE]
ERTedeE

oP =K, (R, +P"" JK," +K, (R, + P, )oK,
-P 0K, -0K P
= 5Kk[(Rk +P " )KkT -P " ]+ [Kk (Rk +P " )— | A ]éKkT

INMOIZEHEHLIL

K -P" R, +P")'
CDEZTDREMELBTRELSERITIIE

X, =x" +P" (Rk +P " yl(yk -H, (xkf))
P =P PR, +P" ] (p," ]

F2RDEDFE2EDITINFEREEITIGED T, BTREDT AL
—RICTFRIERE D RIKY /SN,
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(KZERDEIE ST DHETE)
[B] RE 5% E
HIEETILIZAE1RT T RETHEEBOLE L),
SNEEEKESEOEAT—2011E,
T IS H A ERAT I L BT H,




HRaRHIL 4032 (1)

BEETIEHRAEEFOFEREELBITNIL, BB ZAT L
[T L TIRESN AL D4V A% /I B EICE
DWTBAIZILETES,
B ERF R D BMIEET IV
=M, (x,_)

WEATLOEHEER (€, . BBRAIVRETE)

X, =M, (x,)+&,

<8k>=09 < €& > Q.9
IRREZ D FHIE

ka =M, (Xk—la )
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HAEITHI O FRNE
P = <(ka — Xy )(ka — Xy )T>
= <(Mk(xk—1a) -M, (x,_) _8k)(Mk(Xk—1a) -M, (x,_,) -8, )T>

- <(Mk (x,,)-M, (Xk—l))(Mk (x,,)-M, (Xk_l))T> +Q,
HIEETIILOIERBIENE FNIE
kax =~ MkPk—laMkT +Q,
F4k(<. BLAEE FOFERBENSE TNIL

kaH — kakaT, PkHH ~ HkkakaT
=1=L
o\M , (x)). o\H, (x)).
), = 2 ak< L (T8 Jp L AAG3) 1
xj k-1 axj k
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ZITP &P/ LRELGELREEEETEERR L. RO
FOEIREHIL T T 1)L (extended Kalman filter) BN EH N5,

ka =M, (x,_")

P =M,P_‘M,_ +Q,

x'=x/ +P/H,"[R, +HP H" 'y, -7 (x))

P‘-P’-P’H,"(R, +H,P H,) HP
AT AY

K, -P’H"(R +HP/H, )

W TRT &
X, = ka + K, (Yk _Hk(xkf))

Pka = (I - Kka )Pkf
—EE RN TEERIE LN GEINTINSZEITEFR,
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Fokker-Planck A2 = M BE{¥ (adjoint) ;EE F

Fokker-Planck 7 2= D Z FEGreenBi %1
L|Gx,16,7)|= -6(x-€)d(t - 7)
G(x,t;€,7) =0 (t<7)

Fokker-Planck 5 #2 =X D #) HAfE I -E D 7
p(x.1) = [G(x,1:8,0)p(§,0)d"C

Li=M>T. EEGreenBi LB MHEE
PX; [ X)) = G(X, 85X, 50 )

BILFERZERIL. XD Chapman-Kolmogorov FEEX & iET-9,

E&

EEBESZ D,

p(X, | X.,)= f PX [ X ) p(X, [ X)) d X,
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BRREREEENZANSE, EREREERANE SRR ERE
MTRITZEMNTES (Fokker-Planck FFE X DB FE 2 iE)

PX YY) =fp(xk | X DPX YY) d X,

BRI AT L
X, =M, (X, ) +§,

TlE. &, BHEREHRITIHQ DBBEAVRBIETHLIIEMND

p(X, [ X,)
) \/(2 1)” expl_%(xk -M, (Xk—l))TQk_l (Xk _Mk(xk—l))
JU
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VRaR DIV D4V EADEBERIZEITHEAFEDNEGTE (L. IRRBEHEER
BT —ADHABIZDNTHEINTNBIEND ., FREHERZ R
PXLY Y uYi) AEVLRTNS,

PXLY YY) =P YY) P YY)

i iZBayesDEHE

(Y X)X, VoY i)
p(Xk‘yla'”ayk): pyk‘ )P k|Y1 Y-

fp(Yk X ) p(X, | YY) X,

AT HE

P Y YY) = DY [ X) P [V Vi)
=L, U FOERXERALV-=,

P YY) = [PO XD P Y15 0Y A "X,



HERFEREMICKDIRET(1)

%l 7, [CHEITHSERIERZEERMOESE
X, :=kap(xk |V, sY ) X,
. BREREAWNTERZ?, | ITBT5EREEFEEREHTRIT L
X, = [xep( 1% )P Y1 Y i )d X, d X,
X = M )P |V sY i) X
BEETILOFERBENB T
X, ~M,(X,_,)
220, X & G ITBT5E#EEZERBRROFENETHS.
X, :=ka_1p(xk_1 VY, ) X,
FD2xKE HERAILR U TAILRZEITHROD R EFIGL TS,
ka =M, (x,_")



HERFEREMICLIBRET(2)

R 1, [CHI1THFAIERE ERBRO K57 81T5

P, :=f(xk -X, Xxk —xk) P(X, | ¥y, ) X,

. BRERZAVTERA L, ITBIT5SRERFEREBTERIL
P, f( -X, Xxk —xk) pP(X, X, )p(X,_, | Vise-osY,)d "X, d"X,

2 ~ N n
Pk =f(Mk(Xk_1)—Xk XMk(Xk—l)_Xk) Py Y Y)d X, +Q,

ORI, BEER/NDEHEE CHENILTUT4ILZIZEITHRD K
EXTIELTULND,

Pkf = <(Mk (Xk—la) -M, (Xk—l))(Mk (Xk—la) -M, (Xk_1))T> +Q,

=~ MkPk—laMkT +Q,



MERFERMICLHEEET(3)

HERAILR D DAL ED T RIFRE L AT
P’ =f(xkf—kaxkf—x )p(xk,yk|y1,...,yk_1)d"xkdmyk
iz, FRUE X, AEMHEEEELOFHIES, 12ELLETHE
P’ =f(xk —§kXxk X ) p(y, | x)p(X, |y,,....,¥,)d"x, d"y,
=f(xk —§kXxk —§k) (X, |Yh.y,)d"x, =P,
LR DIV D4 LA DETERE R S FATHI
P =f(xk —kaxk —xk) PXLY, | Y-y, )d " x,d"y,
RIZ, FAME X, NERERBRERKOTYEX, I2ELETRE
P =[x, =X Nx =X ) P Y1 ¥ )P Vi ¥ i)d X, d7Y,
= [Pp(YVe Y1 Y)Y,



HEERFEREMICLIRET(4)

LEDZEMNS  IRRAILT U TAILZIDBATIELZEIZDNT, D
Xt BE R ALY LD,

= = &
X, < X,
P’ < P
P = [Pp(yel¥im¥e)d"yy

B EH IR TEREITNIE. COXGERIEEXBERIZLS,
FOHBEIZIE., P FXEBAT—42 Y KEFELLZLDT

Pka = Pk
MEYILD,

BILEHEDEHETIE, L TROF=ILEAILT U DIV AL BERR R D
B AT LIZHTHHILITLILAIZEY B EIMRIEE NS,



KBFBEETIVICH T AREER

BIEETILOBHEZ" L95& |
o FH-EITRIEITHDORRDE: 5”(” +1)
o FPRRRERXSFHITIDEE
P =MP_‘M +Q,
[ EIGEFREITE 7 DEIE: 2n
M, P_‘M," =M, (M, P_*S
=M, [M,(p,. . p,)]

=M, (Mkpla'”aMkpn)T (7 &)
=M, (p;,-, p),)
=(Mkp19”' Mkp;) (7 &)

M,p (F. P ZRHEICLT. BEETLEEL 1, HOEZ ¢,
FTHREIES I HIEETRT .



AL T4 ILEDFERHE L

YRaEHIL D4 LA (—ERLLSM IR R BT ) D fgiRliam el

» Reduced order Kalman filter (Fukumori, 1995)

SFERFEETILEFELYVMECT S,

» Reduced rank square root filter (Verlaan and Heemink, 1995)

BBERIMLD LEE—FDAHZEETET S,

« Singular evolutive extended Kalman filter (Pham et al, 1998)
BREBEDLNE—FDAHFEET S,

* Partitioned Kalman filter (Fukumori, 2001)
STEEEZTDEIT 5,

oYU TILAILTT1ILE (GE#ERETE)

* Perturbed observation method
» Transform method (EAKF, EnSRF, LETKF)



ToHTIAILTT4ILE2(1)

AT —4
FEATIE (E191E)
R
—>
Pa
*
¥ AHE (F1E)
Pf
FRAEDOT7 ST

BBITEO7 YT

Bl t, Bl ¢, Bl t,

(ZFEERFRORZE—HHE)
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Covarfances of background forecasts, 900 hPa Temp

.7
Covarlonce Magnlhude
Y P

.1 3 =

EnKFIZ kD FTHMEE L D EITHIDEE R, 100D A N—8THELI=-HHER
THIDS55 . 900hPaRRICDNNT4DDH A (BA) DEEDOIIRERT , BRI
900hPaZUE N FE—HEFEE (FRME) R L . FELFEDREIMREILSK,

(Hamill, 2003)
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B2 L 1sBHRFAEOT L ILE XY x V) L3

E'HEO):Fi’Jf'E't% ARRERDITHNZT O HUTIILTELETET B,

~xk = NZZXk(’)
P/ ~P/ - — IZ(M Xiu)_xg
NnolFFnNFnrOKITHHELTLS,
ik =kap(xk V1o YDA X,

N

P, =f(xk _)L(kxxk _§k)Tp(Xk DETRT Sl &

x[ 0, /Y B 4 ISB AR ED T LT L
X0 X;(f)}h\esﬁmﬁl:ﬁ%ﬁéméo

S (@) (i) (1) ;
X, =M (chclll)+£kl (i=L--,N)



ToHTILAILIUT2ILE(4)

Bzl ¢, [CHITH8TE

X; =X = Xi +Kk(yk _Hk(X/{))

. 1 8 1 i
=N2xk<>, Hk(x,{):=NEHk(x,{())
i=1 i=1

LT
1
K, =P/'H,' (Rk +H P/ H,f)

R N oof i "
T L T} CACLORATS)
- =1
T I < ( 0 7 X 1) 7 )T
H,P/H, : m H, (x; ") —H, (x; )\H (x7) = H (x3)

NI =DM7 jﬁ*ﬂﬁml BlTARAKFIELETELI=ED,
K, -p" (Rk P
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Evensen (1994), Burgers et al (1998)

SANEICEHZMADIEICE TN BEREFERANGELEHAEDT
YT INEDLD,

yg{i) =yk+Lk§§ci) (l=199N)

V0, #5381 OERELY.
L, -BABRERASEITIIR, DCholeskys #1751 (T =A4751)

R, =LL,’ (Cholesky> &)
FEMTED T2 D )L
R e R AT B (R

CNEEHTEEY OEHENY, EZELHNRIERAERS,

X, =g+Kk(Yk _Hk(xlj:))




RENEUELE (2)
FRITERZE H S RUTSI
)] ] )|

= P_,{ -P/’H,'K,' -K, (Pkf H, ' )r +K,HP/H 'K_' +K,RK,'
+K,; AYk(Ayk)T -R, )KkT + Axg (AYk)TKkT +K,; Ayk(Axg)T

BABN TR RETNE, THREDIEFEFETELDT. TDHEIC
ZR/MITRIONRGTAVERDLHERK =TS,

1
K, =P/ HkT(Rk +H P/ H,f)
FREEDMBITHREL D EITHIIE

[
PP/ -P/H, (Rk +H,P'H, )(P,{ H,' )[
NI E RN HEEICBITAIRATELUFEL-ED,
Pka _ kax _ kaH (Rk 4 PkHH )’1 (kaH )T
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ETILERE _BURRE ETILERET

— RN e FHIE1 BT p——p DHE]  f—

BURAIRRZE2 ETILERE2

— | EHE2 e  FHE2 FAEL  f—tp|  PHEED  |f—

ETILREN <-- BRIRE ETILEREN

ﬁ ﬁﬂﬁﬁgn A %; IHEn T.AQ ﬁﬁﬁﬁn A %ﬁl”ﬁn ﬁ

______________________

> R

EENE A (perturbed observation) ;&IZK AT BT ILAIILT U T4ILZDIR



EEEAIEL (4)

Batch 1

cgion |
: o region 2
AILRTAY

; h x )
_— 1 X
_ f T f T X Yox
Kk - Pk Hk (Rk + HkPk Hk )' region 3 X

<81+ BATHIE DAL : ----------------

LI =812, BRIOLDIZER A
TF—REINSET IL—TIZHEL .

TIN—TZEICERILES S, B Sy
W+ 2EENE=5 IL—TDRIE @
L. WHIWICEHETES, .

Batch 3
region 1

FIG. 1. Schematic illustration of the strategy used to form batches
of observations. At each assimilation step. the circles denote the
observations to be assimilated at this step, while the x’s denote ob-
servations that have not yet been assimilated.

Houtekamer and Mitchell (2001)
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BITEDT7 Y T ILEFRAEDT YT ILISERT 5,

1 —_ —_
Xf - (Xf(l)—Xf,---,Xf(N)—Xf)
k N—l k k k k
L (o0 —
Xa _ Xa(l) _Xa9 ,Xa(N) _Xa)
k N—l k k k k
CDEERAILEY =D,
T —a a a T
Pkf =X£(X£) ’ Pk =Xk( k)
Tk %?ﬁ'&ﬁﬁu
X? = X/T,

BIFTEOREDT7 O HUINE, FRAEDREDT7H T ILOD
IR TRLTLVD,



ik (2)

@ EHITHI T, Z. BITREXLDBRITINORZERB-T LIITRD D,

P =P/ -P/ HkT(Rk +H P/H,’ TIH,(TQ
AXITTT(X )
- X/ [I ~(mx! ) (Rk +H X/ (B, X! ) )IHkX,{ ](X,{ y
ROIHFE=EINNIE LN,
T =1-(H,X/) (Rk +H, X! (|, X/ )TTH,(X,{
Q@ I RTOELMN1THE IR MNLE]L LT EELY

X/1=0, Xi1=0
L=AoT, BHTIINE 1 ZEBANTMIVICHEEF NGRS,
T.1x1

@ BAT—AAEHNIE X AX OEEIHEEEEET S,



BERFPIHOTIVERIEIqILE

Ensemble square root filter (EnSRF): Whitaker and Hamill (2002)

AT 2N EWNIHMIIELT 1ET DEIET 5, ZDHEEIZIER,
HEFRADT—ITIEHDT

T =1-5(8,X/ ) H,X/

.= R+ HX{ (X[ J VR (R +HXfHXf))]
ALY
K, = X/(H,X/) (Rk +H X (B X ) )1

H X/ st iziErnaptEm05,

X~ ()= 72, ), (0 0)= 2, 7))

N -1



BRT7UoY T IVEBRDILIILILA

Local ensemble transform Kalman filter (LETKF): Hunt et al (2007)

BHRFRIEDEBHEDETEEZMILIZEITTELADT, MIIEFHEIZM
{. Sherman-Morrison-Woodburyd AN BFoNLHRAEFIHT 5,

T T |1 T . _ 1
(X0 R+ 1, X 0, X ) WX = [ (X TR H X
1T
Tk _ Uka—1/2UkT
1+(H,X/ R 'H X/ =UDU,"  (E&EHR)

D, EAEERAERET BRATI.
U, ERIESN BRI L ENER LT BERTH,

AL TA &
Kk = PI?HkRk

ZRRALT. RO EIIFHET S,
Kk = XiUka_lUkT (Hkxi )T Rk_l



FEEBRAEEEBREDLER (1)

EEEERLL AT —2IEFHEMASD T, TNIZKEZ T
JIZS—IZE>THRENETIT S,

Tk RITEDT YT IIVEFTAEDT ST ILhBiE
BT ADT, EEREOCET VRS AICHLTEEHSE
[ZRITBIERNH D,

4

LEERETEH CIRREZES: 1A, 7P T IL A /N—:5,000{E)

@ HHORS% o) INE—5F L%

0.25 ' — Pfe——————— 025 - : —

FRANEDHERE M (ER  ERE. EXN S L FHEE)

Lawson and Hansen (2004)



BEEBRAEEEBREDLER(2)

v -;7;(/ NAE=F )LD

with R = (0/2) y° with R = (0/2)
i |

0.4 il 0.4 Pl
P P
Eﬁ |] 1 R 0.3 ol ® 0.3 L
” © 02 A S 02 A
| /N\

0.1 Ak 0.1 /\
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Stochastic Update Stochastic Update

0.4

EBBHAAIC 2°
KoM 02

0.1
0 AN TR RN (I, el
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EHAICED O o
famE Z g
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0 0
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FEEBRAEEEBRIEDLEBR(3)

EEERAE Z % (EAKF)

(20 ensemble members)

o,
P ¥ w ¥ ¥

)
2 ¥ ¥ ¥ ¥

---True State
—Ens. Mean

-=--True State
—Ens. Mean
Ensemble

Ensemble . . _ - . -
50 100 150 200 250
50 100 150 200 250 Timestep

Timestep

F1G. 3. Initial evolution of 20 ensemble members (light solid
lines), the ensemble mean (dark solid line), and the truth (dashed
line, constant value of 0) for an ensemble adjustment Kalman filter
applied to the single variable model with the nonlinearity param-

clera = 0% Anderson (2010)

FIG. 5. As in Fig. 3, but for an assimilation with a perturbed
observation ensemble Kalman filter.



ARFTTT IO TILAILTUT42ILZ(1)

FFZl 1, [CHITHRBITELHETRELTBITINEONTNSHELT,
BF%l 1) Mokl Iy FTORIE D4RV RDOERR T —2Z—1F0E
LT, ZOHBADIKEEREHTE T B,

/Xf\ /X{\ /Y1_H1(X1f)\

\X?q \Xﬁ/ \YK _HK(XJIQ)/

AT AY

K-P/H(R+APA")
(P/ - PL) (H, 0 ) (R, 0 )
P/ =] |, H:= , R:= -
\P1J<[1 Png) \ 0 HK) \ 0 RK

R0 FAEOHDREXIBITI P (X, FAHEDTY
BT IDLIREEHETES (T T IS—~DRRIPDE),

/



ARFTTT YT IVAILRT4ILE(2)

FHETIE, BUEV4FOAD FAEDRE DR ERNERIHE
HIEE B HBOERTH TEFEZD,

X*=X'T
(X[ (X7
X =] | X4 =] :
Xk X
XUt ]\}_1 (X]{cf,a}(l) _W,,,,,Xif,a}m fa}) (k=1,---,K)

%2 BRI7o Y T IVERDILI IDLILETIE
T=UD U’

~Y NS NS

1+(HX/JR'AX' =UuDU" (EHESR)



HEREHSBDOY TG TS5—
TR EREMRBEMREI DA N—IZLDELD

) H27)L1

e R T T R 7 7

D T g
_ g~
\{{/',,I’l’% @c -~ /J: l

O

”III////;}'/////

N=128

FiG. 6. Global correlation fields with respect to a point off the west coast of North America at 0000 UTC day 31. Panels (a) and (b) show the 50-kPa correlation fields for ensembles 1
and 2 when N = 32 and r,,, = 20°. Panels (c) and (d) show the corresponding fields when N = 128 and r,,,, = 35°. The contours are at +0.25, *=0.50, +0.75, and *0.90. Shading with
dotted (hatched) patterns indicates negative (positive) correlations. The intensity of the shading increases as the magnitude of the correlation increases. Regions with correlations between

—~0.25 and +0.25 are not shaded. (Houtekamel’ and Mitchell, 1998)
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Covariance localization

RE£SBITINOH LTI T I5— A 51-0I=, HROEREDE
BN TODEZFHFDOBE AL HERETIEREL SFITH DSchur F|FE LS,

(AOB)U =A,B, (Schur #&)

=100+ * compxt support

HABATH DY LTIV T IS—ER D BBAIEDHR . £ X5 RITHZ2 A E O IR (14
) DADEHEL T, TOEREEZEIE T, 100X N\—DTFT oY UTIVIZKLETEIEET R
WRTTRY, A £ HBEAEICAVWSHEEITIZIRE DK, £ MBATERIROER
ExRBERBDOERR. BAMLEOTUY VT IVIZKSHEEEZRED R TR,

Lorenc (2003)



e BmATE (2)
Schur 5

FEETEMERFFITI A, B DSchur FE A-BIZFEEETHD.
sl BH

A=uu1T+---+u u ' (m =rank A)

m - m

B= VV1 +VV (n—rankB)

"AoB= Z nin OZVVI ZZ u, ov, ukovl)

BIFEREETHOIENS, AoB IFEATEITITHS,

Li=hioT. £ABRFEDT=HDHMEITHIEC £F5ECoP/ 13t
HITITHDHEA RSN D, ERRICIE. HBIFFHIC, C" [2&>T,
AT AT RDESIIEIET B,

1
K, =P/ HkT(Rk +H P/ H,f)

1
—CoP/H ' (Rk +C"-H P/H,’ )



o EBATE (3)

s BT YT IVEBAILI ILILATIE B FRIEDETIED
HEIZBEWT., Hh5EREDEHIZHHEAT—21=1FTZxREIET S &I
£HoT. £ EBAEZERY ANTILS,

F SO B FRIEICEHESN =BT ENZERMIZBO MG S LIS,
R OB FROLENDICONT, AT —FDREZEREEZKRE
CRET DHEEHRT S,

O O O O O O



BITREDHY T TITF5—(1)
4L 2D FEX (filter divergence)

RN DERRTHEMRESBHAB/NFHESNDE ROBEFEFZLIIC
ETH5TFRRED A E/NHESH ., EDRER ., TORZIDETIE
ICEDEFAEDEANKELGSD, T—E2RIESAILIZENTS
DBREMNEYIRENDE, BAT—20FDFEBAREICHEMEICK
BRENTE<TE D,

RARETERBLL T, BITSE LS MDY T T T5—
DHHEE RELS.

. EferiE: P/, K, P
N AU N—DF oYL IT IS EIEL--1E: P, K, P!
P Oy T TS5—E,

P/ =P/ +E,
[ <<[P].  (E,)-0




BIREDY LT TT5—(2)

NIV TAY
K-P'H'(R+HP'H")
K, =P/H (R+HP/H")'
-(P/ +E, )H"(R+HP'H" + HE ,H" |

1

P/ +E, ' (R+ 0P H') [+ HE 0T (R + HP/H')" |

-[K+E H"(R+ HPfHT)_l]
x [I _HE, H'(R+HP'H' ) + (HE, H'(R+ P/ H)' | - .

-K+(I-KHE H' (R+HP'H" | [I “HE H"(R+HP'H")"
vole. )
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fENTER = L 2 ERAT S
P’ = (I-KH)P/
P’ =(1-K,H)P/

- (1- KH)[I £ H (R+np H') ([ HENHT(R+HPfHT)‘1)H]
(P + 5, )+ olle, )
(

- (1- KH;}I _E H'(R+HP'H' ] H+(E, B (R+HP/H' ) H ]Pf

+(I-KH)I-E,H"(R + HP'H" )_IH}EN +OlE, ')
YT TS~ 2DV TEEBEEE DL
(P} = (1- KH)[I ¥ <(ENHT (R+HP/H" )_1H)2>]Pf

~(I-KH)EH'(R+HP'H' ] 'HE,, ) + olE, )
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aE
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