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Ver$cal	 Horizontal	
	  	  	  	  	  	  	  	  	  	  	  	  	  Radia$on	  Stress	  	  
(Reynolds	  Stress	  +	  Form	  Stress)	

Vortex	  Force	

Integrated	 Eulerian	 Longuet-‐Higgins	  &	  Stewart	  (1964)	 GarreF	  (1976)	  	

Eulerian	 Eulerian	 -‐	
Craik	  &	  Leibovich	  (1976)	  
McWilliams	  et	  al.	  (2004)	

Lagrangian	 Lagrangian	 -‐	
Andrews	  &	  McIntyre	  (1978)	  
	  	  	  	  	  	  	  	  Leibovich	  (1980)	  
	  	  	  	  	  Ardhuin	  et	  al.	  (2008)	

Lagrangian	 Eulerian	 Mellor	  (2003),	  Aiki	  &	  Greatbatch	  (2012)	 this	  study	
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3D Eulerian framework 
(Craik and Leibovich, 1976) 

Ver$cal	 Horizontal	
	  	  	  	  	  	  	  	  	  	  	  Radia$on	  Stress	  	  
(Reynolds	  Stress	  +	  Form	  Stress)	

Vortex	  Force	

Integrated	 Eulerian	 Longuet-‐Higgins	  &	  Stewart	  (1964)	 GarreF	  (1976)	  	

Eulerian	 Eulerian	 -‐	
Craik	  &	  Leibovich	  (1976)	  
McWilliams	  et	  al.	  (2004)	

Lagrangian	 Lagrangian	 -‐	
Andrews	  &	  McIntyre	  (1978)	  
	  	  	  	  	  	  	  	  Leibovich	  (1980)	  
	  	  	  	  	  Ardhuin	  et	  al.	  (2008)	

Lagrangian	 Eulerian	 Mellor	  (2003),	  Aiki	  &	  Greatbatch	  (2012)	 this	  study	



3D Eulerian framework (Craik & Leibovich, 1976)	
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Time scale of Langmuir Circulations is  
two orders slower than wave period	
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3D Eulerian framework (Craik & Leibovich, 1976)	

 

∇ × ′U1 = 0
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′X1 = ′U1

t

∫ dt

U2
Stokes = ′X1 ⋅∇ ′U1

 
∂T + U2 i∇( )U2 + ∇ × U2( ) × U2

Stokes = −∇π 4

Craik and Leibovich momentum equations	

Vortex Force	



3D Lagrangian framework 
(Leibovich, 1980) 

Ver$cal	 Horizontal	
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(Reynolds	  Stress	  +	  Form	  Stress)	

Vortex	  Force	

Integrated	 Eulerian	 Longuet-‐Higgins	  &	  Stewart	  (1964)	 GarreF	  (1976)	  	

Eulerian	 Eulerian	 -‐	
Craik	  &	  Leibovich	  (1976)	  
McWilliams	  et	  al.	  (2004)	

Lagrangian	 Lagrangian	 -‐	
Andrews	  &	  McIntyre	  (1978)	  
	  	  	  	  	  	  	  	  Leibovich	  (1980)	  
	  	  	  	  	  Ardhuin	  et	  al.	  (2008)	

Lagrangian	 Eulerian	 Mellor	  (2003),	  Aiki	  &	  Greatbatch	  (2012)	 this	  study	
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Eulerian-Cartesian coordinates	

Lagrangian coordinates	

Original Expression	

Transformed Expression	
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Pseudomomentum 
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Stokes = −∇π 4
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Vertically Lagrangian 
Horizontally Eulerian 

 framework 
(this study) 

Ver$cal	 Horizontal	
	  	  	  	  	  	  	  	  	  	  	  	  Radia$on	  Stress	  	  
(Reynolds	  Stress	  +	  Form	  Stress)	

Vortex	  Force	

Integrated	 Eulerian	 Longuet-‐Higgins	  &	  Stewart	  (1964)	 GarreF	  (1976)	  	

Eulerian	 Eulerian	 -‐	
Craik	  &	  Leibovich	  (1976)	  
McWilliams	  et	  al.	  (2004)	

Lagrangian	 Lagrangian	 -‐	
Andrews	  &	  McIntyre	  (1978)	  
	  	  	  	  	  	  	  	  Leibovich	  (1980)	  
	  	  	  	  	  Ardhuin	  et	  al.	  (2008)	

Lagrangian	 Eulerian	 Mellor	  (2003),	  Aiki	  &	  Greatbatch	  (2012)	 this	  study	



Generalized Lagrangian	

Vertically Lagrangian Horizontally Eulerian 
Mellor (2003, JPO) 

Aiki & Greatbatch (2012, JPO) 

Andrews & McIntyre (1978, JFM) 
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Equations in VLHE coordinates	

Aiki & Greatbatch (2012, JPO)	



Blue line:  
the vertical position of control cell	

No background vertical flow	



With background vertical flow （e.g. horizontal divergence of Langmuir Circulations）	

Blue line: 
the vertical position of control cell 
Red Arrow:  
the vertical position of water particle 



Equations in VLHE coordinates	

Thickness Weighted Mean operator 



Thickness Weighted Mean （TWM） Equations	

Total Transport Velocity 

Aiki & Greatbatch (2012, JPO)	



Thickness Weighted Mean （TWM） Equations	
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Pseudomomentum 
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Form Stress Term	



Prognostic variable in the transformed equation system	

Prognostic variable in the original equation system 

Total Transport Velocity 



Prognostic variable in the transformed equation system	

Lagrangian 
mean 
velocity	

Stokes-drift 
velocity	

Eulerian 
mean 
velocity	

=	 -	

Prognostic variable in the original equation system 

Total Transport Velocity 
= Lagrangian mean velocity	
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Summary 
Ver$cal	 Horizontal	 Radia$on	  Stress	 Vortex	  Force	

Integrated	 Eulerian	
Longuet-‐Higgins	  &	  
Stewart	  (1964)	

GarreF	  (1976)	  	

Eulerian	 Eulerian	 -‐	

Craik	  &	  Leibovich	  (1976)	  
Flux-‐divergence	  form	  (Reynolds	  stress)	  
Vector-‐invariant	  form	  	  
	  	  	  	  	  	  (3rd	  order	  vorVcity	  Eq.)	

Lagrangian	 Lagrangian	 -‐	

Leibovich	  (1980)	  
Original	  expression	  (Form	  stress):	  
	  	  	  PrognosVc	  variable:	  LM	  velocity	  
Transformed	  expression	  
	  	  	  	  PrognosVc	  variable:	  EM	  velocity	  
	  	  	  	  =	  LM	  velocity	  -‐	  psudomomentum	

Lagrangian	 Eulerian	

Mellor	  (2003)	  
Aiki	  &	  Greatbatch	  (2012)	  

 Horizontal	  Reynolds	  stress	  
 Form	  stress	  
 PrognosVc	  variable:	  
	  	  	  Total	  Transport	  velocity	

 Horizontal	  Reynolds	  stress	  term	  is	  
transformed	  as	  in	  CL76	  
 Form	  stress	  term	  is	  transformed	  as	  in	  	  	  	  	  
Leibovich	  (1980)	  
 PrognosVc	  variable:	  EM	  velocity:	  
=Total	  Transport	  velocity	  	  
	  	  -‐	  pseudomomentum	  



Ver$cal	 Horizontal	 Incompressibility	
Surface	  
Boundary	  

Viscosity	  
Term	  

Spectrum	  
Shape	

Eulerian	 Eulerian	 ◎	 ○	 ○	 ○	

Lagrangian	 Lagrangian	 ○	 ○	 ○	 ◎	

Lagrangian	 Eulerian	 ◎	 ◎	 ◎	 ○	

Studies for  
the Effect of Surface Waves on Circulation 



Generalized	  Lagrangian	  Mean	  theory	  	  
(Andrews	  &	  McIntyre,	  1978)	

•  PrognosVc	  variable	  in	  wave-‐averaged	  momentum	  Eqs.	  

	  	  	  Original	  expression:	  LM	  velocity	  
	  	  	  Transformed	  expression:	  LM	  velocity	  -‐	  pseudomomentum	  
	  	  (Lamb,	  1932,	  page	  13;	  Lagrange,	  1788,	  page	  441-‐447)	  

•  Hybrid	  Lagrangian-‐Eulerian	  coordinates	  
	  	  (Iwasaki,	  2001;	  Jacobson	  and	  Aiki,	  2006)	  

•  Lagrangian	  pseudomomentum	  

http://books.google.co.jp/books/about/M�chanique_analytique.html?id=HTEVAAAAQAAJ&redir_esc=y


Jacobson & Aiki, 2006, JPO	



Stokes	  dria	  velocity	  	  
(Longuet-‐Higgins,	  1953)	  

Quasi-‐Stokes	  velocity	  	  
(Andrews	  &	  McIntyre,	  1976;	  	  

Iwasaki,	  2001;	  

	  McDougall	  &	  McIntosh,	  2001)	  

Eulerian	  pseudomomentum	  	  
(Bretherton,	  1971;	  Buhler,	  2009)	  

Lagrangian	  pseudomomentum	  
(Andrews	  &	  McIntyre,	  1978)	  

TWM	  pseudomomentum	  
(Aiki	  &	  Greatbatch,	  under	  revision)	

Stokes-‐dria	  velocity	  and	  its	  relaVves	

′ux ′x + ′uz ′z

′u ′z( )
z

− ′uz − ′wx( ) ′z / 2

− ′xx ′u − ′zx ′w

′zz ′u − ′zx ′w+	 =	
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