5. MELTING 5.1

1. Preliminaries T+DT
a) If heat istransferred in asolid or a
stationary fluid —
-
- kﬂ Dx >
dx
heat flux ™~ proportional to temperature gradient

(cal cm-2 s1) thermal conductivity (cal cm-ts1 K-1)

heat is transferred down the
temperature gradient from hot to cold

b) If a different amount of heat flows into a region than emerges
from it, the region must change its temperature

pC, dToX = - 8Qot
\
Q T |QroQ specific heat / unit mass
— -
fs) 2
0 pcpa—T:-@:igf(ﬂ;:k%
5 ot X dxe JIxg X
X
> if k is aconstant
Alternatively, 5.2

k=pc,x «—— thermal diffusivity (cm2s<?) (c.f. viscosity)

Then
T, =xT,y

¢) In more than one dimension  Q =- kNT

could be anisotropic
T, =k N°T
Temperature diffuses through the solid

d) Differences in heat flux at an interface can be taken up by a
phase change

latent heat Q‘er unit mass

psla=Lya=Q; - Q,

Q
0T, 9T, Q
latent heat =k K (x=2a) |
per unit volume > [
|

or :H—kaa—-l;(l (x=a) X=a




2. Consider 2 semi-infinite bodies of identical physical properties 5.3
in contact at initial temperatures T, and T, . If heat transfer
takes place solely by conduction, and there is NO melting, the
governing equations are

T, =kT, (x20) I
T=T, (X<O)EI

=T, (x>o)%[t:0] !

T and all derivatives continuous at x=0,t>0 Il

Because there is no length scale the solution must be in terms of
the similarity variable X

7 okt
The differential equation then becomes the ordinary differential
equation d?T daT

-n—=0
dnz 7] dn o § O
with solution  T(x,t)=3(Ty+ T,)+2(T,- T,)erf gn=o7==
-D——:.<\—--C7 2 Ktﬂ
T(0,t>0)="T, 2 X e
where erf(x)=—= ge " dt
3. Consider now region 1 to be fluid and region 2 to be solid. 5.4

If 'FO exceeds the melting temperature of the solid, or is less than
the solidification temperature of the liquid, a phase change will
occur and the boundary at x =s between fluid and solid will
migrate. The equations are | and Il plus

T=T., Ly5=KT,(s#)- kT, (s-) IV

Again, because there is no external length scale, there is a similarity
solution in terms of

”:z(m)é and  s(t) = 2 (kt)?

l+erf
T(x)=T,- (T:- T*)1+—erf;' (M<h,x<s)

1-erf
:T-T-T’—YI >N, X>8
2 (2 *J1- erfa (n )
&, - Tz? 1 _ A L\,fc-21
1+erf) éTl - Tugl- erf C(Tl - T,

(k= cx)
~ specific heat / unit volume

with




5.5
4. There are many extensions possible that consider only

conductive transfers (see, for example, books by Carslaw and

Jaeger, Crank and Hill).

Consideration of dissolving would be very similar, except that
composition C substitutes for temperature T and diffusion co-
efficient in solid is so small that it can be set to zero. Could also
consider two-component melting and dissolving, which is generally
similar to two-component solidification (with sign of boundary

growth rate changed).

Convective motions, however, can make considerable alterations

because thermal transfers can be so much larger.

5. Consider the following basic problem 5.6
y H(x, y)
’ z=a(x yt
J4:X - (x %1)
z SOLID
T(x Y, zt)
T¥

equations
T, =xN?T (z>a) T(x ya)=Th, T® Ty (z® ¥)

long-term solution if I,,1,>>1,=x/a is

€ a(z- a)u
T=Ty+(Ty- Ty)expe —(—)u

g€ «x 0
with H=KkT,] _ + L,a

H ~ heat input

s -
[Ly+pc(Tm- Ty heat to raise temp and then melt




6. Experimental confirmation : heavy melt release 5.7
(H2 and Sparks 1988)
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Experimental and theoretical temperatures and melt thicknesses as functions of time:
(a) and (b) wax roof; (c) and (d) ice roof experiments.

7. Geological application : light melt release 5.8
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The mean temperatures in the basaltic (Tp) and granitic (Tg) layers and the thickness of the granite layer a as functions of
time: solid line - perfect fluid case; dashed line - allowing for crystallization in both layers. The basalt cannot be considered
afluid below 1091 °C.




5.9
8. Consider theinitial value problem of hot fluid suddenly introduced to

flow turbulently over acold solid ground. Does melting of solid or
solidification of fluid occur first? Constant turbulent flux isto be compared
with large (initialy infinitely large) conductive flux, and so solidification
must occur first (unless solidification temperature of fluid islessthan initial

temperature of ground).

TO
Consider equal melting and freezing temperatures T« 5.10

| H T=kT  [x>a(t)]

v x= a(t) .
Vo T=T. Lya=H+kT, [x=a(t)]
X

T® T X® ¥
T(xt) 0 ( )

T=T, (t=0,x>0)

Non-dimensionalise by introducing

T=To+(Tu-To)p  x= k(T*-TO)E

a:k(T*-Ti))ﬂ t=2k (T - T ;2

\
space scale time scale




511
6,520 [E>n(7)]
=1 4Sn=1+6. [E=n(7)]
6® 0 E® ¥)
=0 (t=0,£>0),

(H2, 1989)

where the Stefan number S= — L )
C(T* = To)

the ratio of the latent heat of melting to the heat needed to raise the
solid from its initial temperature to its melting temperature.
Nonlinear problem, with linearisation possible by writing x=0

rather than x=h for boundary condition

5.12

1 ¢
solution G(E,r):erfc(g/rz) ”(T)zgﬂ' ?ﬂ

i.e. h isinitially negative, attains a minimum and thereafter
increases steadily. The solution then very rapidly attains the

steady state derived in 5.6.
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9. Consider an inviscid gravity current of thickness h, 5.13

propagating at velocity V due to density difference Dr :

v Important parameters

D
p v, h =9 - g¢ (reduced gravit
T e Vo sy
Vo LTt heL, ge¢o LT?
There is one non-dimensional parameter, the Froude number

. V/( (lh)i velocity of current
r= g 2 =

velocity of long waves on current
(c.f. Mach number)

For Re >¢.500 %pVZ = Dpgh

ie. Fr=+2
Interms of Q =Vh .
h=1(Q* gt}

(Note that low Reynolds number currents are different.)

5.14
10. Consider now a hot turbulent gravity current flowing over

an erodible bed and under a semi-infinite cool ocean (as occurred in

the Archaean) H2 etal 1984: H2 1986

A sketch of a hot, turbulent gravity current propagating over an erodible bed
and forming athin crust at the top of the current.




. - . 5.15
Assume for simplicity that: The melting temperature of the

ground is identical to the freezing temperature of the lava; and
that the far-field temperatures in the ground and the water are

identical. Conservation of heat then states
pc,hTge =-2H- pc (T~ Trn)
4 * ‘\

heat required to
rate o_f change of thermal heat lost from bring molten rock to
capacity of current current mean temperature

In turbulent flows H = hT(Tgc - Tm)
with h; here assumed constant
The solution is obtained by transforming t derivatives to x

d d
derivatives by dt =V—  and introducing the non-dimensional

dx
quantities
= ch-Tm quc-Tm E:Qr_x
Tgc (O) - Thn D pcQ
- 2 -
0 =-0- B0 0(0)=1 0=[(6+1)es- 8] 5.16
B D thermal energy of input

2(Tm - Ty + LC_l) thermal energy to raise ground to T,
1y and melt it

075 H

0 f » 0.1 for geological

0.5

situations
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The non-dimensional temperature as a function of the non-dimensional distance for three values of b for a hot, turbulent gravity

current propagating over an erodible bed, 20

The relative contamination ; B=5
X
c=Q5dx/Q ‘L
Q 1
=In[(s +1)e*- B]- |
®In(E+1) as E® ¥ £=2h ¥ pcQ

The relative contamination as a function of the non-dimensional distance,




Main ideas of lecture 5 5.17
1 Preliminary equations
2 Heat transfer without melting
3-5 Melting
6-7 Melting the roof of a chamber
8 The initiation of melting
9 Inviscid gravity currents

10 Hot fluids over erodible cold surfaces : ancient lava flows

5.18
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