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dcpam4 �§
��M���Ü�%�w�‹	Z 1.1 �\�w��	{�t�m�M�o 1

�H1 	· �\�w��	{�t�m�M�o

1.1 �\�w��	{�t�m�M�o

�\�w��	{�x , �•�•�v�.�?�ô�Þ�¸
æ�p�‰
C�¤�w�í
U�G�>�Þ�Ã�ç (Dennou-Club Planetary Atmospheric
Model) �w�Ì�”�´�ã�ï 4 �p�K�” dcpam4 �w�§
��M���Ü�%�w�‹	Z�t���b�”�€�ß�¿�‰�p�K�” .

intro/intro.tex 2008/06/26(�•�•�v�.�?�ô�Þ�¸
æ )



2 dcpam4 �§
��M���Ü�%�w�‹	Z �H 2 	· �2
ª�%�w	��“�M

�H2 	· �2
ª�%�w	��“�M

2.1 �2
ª�%�w	��“�M

�2
ª�%�x , 
+���M�²�t�x�¢�S ϕ, �&�S λ �› , ���Ú�M�²�t�x σ �›�q�” .

	�	q�x�Ž�<�w�è�“�p�K�” .

1. �í
U�¤	ú , �z�Ã�w�²�V , 
z�“�Ø�º�w�&�S 0 �S�w�M�²�›�>�Š�o , �Ã�2
ª�% (r, λ, ϕ) �›�q�” 1.

2. �¤�¢�S�&�S�t�S�M�o , �•
¯�Ø�>�y ps(ϕ, λ) �›�q�”�•�” r �›�>�Š , �f�w r �w�•�”�›�ô�S z = 0
�q�b�” .

3. ���Ú�2
ª�à�›�q�“�Ú�b . �>�y�› p (ϕ, λ, z) �q�`�o , σ ≡ p

ps
�›���Ú�2
ª�q�b�” .

1
:�¶�p�w�Ã�2
ª�%�x�¢�S�p�s�X�(�¢�S�›�q�” .

2008/06/26(�•�•�v�.�?�ô�Þ�¸
æ ) coordinates/coordinates.tex
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Å�M���Ü�%�w�‹	Z 3

�H3 	· �—�¶�a���w�§
��M���Ü�%�w�‹	Z

3.1 �x�a�Š�t

dcpam4 �p�x�—�¶�-�‰�q�`�o�•�Ø�¢�S�&�S�2
ª , ���Ú σ �2
ª�w�Ó�æ�Û�Â�Ÿ�Ò�M���Ü�%�›�r�M�o�M�” .
�Ž�<�p�x , �‡�c
Ý���b�”�G�>�t�m�M�o�w�>���›�æ�l�h�™ , 
¶�í�”�w�È���w�Ü , 
+	à�>�”�w�Ü , �á�ˆ�M

���Ü (3 
R
ü ), �ä�—�¶�w�Ü�w 6 �m�w�M���Ü�T�’ , dcpam4 �p�î
÷�^�•�o�M�”�—�¶�a���w�§
��M���Ü

�%�w�‹	Z�›�æ�O . �7	4�$�t�˜�’�•�”�Ü�t�m�M�o�x�H 3.8.5 
… �›�€	°�w�\�q .

3.2 
ƒ��

dcpam4 �p�x�•�•�G�>�›
Ý���` , 
¶�G�>�x�q�‹�t�g
Ý�>�.�p�K�”�á
é�í�>�S�‘�|
+	à�>�T�’
R�”��

�ù�G�>�q�b�” . �â
+�”�x�Á�¹�b�” . �‡�h , 
+	à�>�”�U
¶�G�>�t
Ž�Š�”�Â�ù�x	–�^�M�q�>���` , 
¶�G�>

�w���y
z�ä�›�á
é�G�>�w�‹�p�Ù�Å�b�” .


+	à�>�”�w�-���t�m�M�o�x , �½�A�S�‘�|	à
C�t�‘�”
\
R	«�Ó�›�ß�€�b�” . �`�T�` , �\�w�”�U
¶�G�>

�t�)�Q�”�®�L�x	–�^�M�q�` , 
¶�G�>�w�í�”�-���� , �á�ˆ�¤�É�ç�ª�”�-���� , 
¶�¤�É�ç�ª�”�-�����t�è

�¹�›�t�…�^�s�M�q�b�” .

	O�—�C���S�x�í
U�¤	ú�t�²�M�o�M�”�q�>���b�” . �‡�h , �á�ˆ�w
+���µ�­�”�ç�U���Ú�µ�­�”�ç�‘�“�‹

�T�s�“�G�V�M�á�ˆ�›
Ý���` , 
i�—�¶���ç�Ù�Å�›�æ�s�O . �^�’�t , �á�ˆ�x�í
U
¯�Ø
Ç�Ù�t�v�’�•�”�\

�q�›�>���`�o�Ù�Å�›�æ�s�O .

3.3 �,
Å�M���Ü�%�w�‹	Z

�M���Ü�%�x 6 �Š�w�'�C�M���Ü�q 1 �Š�w

�…�M���Ü�T�’�s�” . �'�C�M���Ü�x , 
¶�í�”�w�È���w�Ü , 
+

	à�>�”�w�Ü , �á�ˆ�M���Ü (3 
R
ü ), �ä�—�¶�w�Ü�T�’�s�” . �\�•�’�x , �f�•�g�• , 
¶�í�”�-���� , 
+	à�>

�”�w�-���� , 
¶�í�”�t���b�”�á�ˆ�”�-���� , 
¶�í�”�t���b�”
¶�¤�É�ç�ª�”�-�����T�’�‹	Z�b�” . 



�…�M���Ü�t�x , �g
Ý�>�.�w	Ý�6�M���Ü�›�;�M�” 1.

1�á
é�í�>�q
+	à�>�x , �‰�a���S�q�9�S�›�‹�m�\�q�›�‰�ç�w�O�j�t�>���`�o�M�” . �`�h�U�l�o , 
+	à�>�t���b�”�á�ˆ�”�-
�����S�‘�|
¶�¤�É�ç�ª�”�-�����S�‘�|	Ý�6�M���Ü�›�ß�€�b�”
ž�A�U�s�M .

dynamics/dynamics.tex(dynamics/dyn-basiceq.tex) 2008/06/26(�•�•�v�.�?�ô�Þ�¸
æ )



4 dcpam4 �§
��M���Ü�%�w�‹	Z �H 3 	· �—�¶�a���w�§
��M���Ü�%�w�‹	Z

�‚�‚�«�™ : �\�w
Ç�å�¤�p�x�‹	Z�w�N�ù	Í , �á
é�í�>�w�>�.��
:�› Rd, ���y
z�ä�› Cd
p , 
¶�G�>�w�>�.��


:�› R �q�S�X . �`�T�` , �Þ�Ã�ç�w�î
÷�t�m�M�o�G�`�h���´�°�§
��M���Ü�%�q�f�w�m�„�= 2�±�w�°�—

�¶�a���±�p�x , �á
é�í�>�w�>�.��
:�› R, ���y
z�ä�› Cp �q
¯�G�`�o�M�”�w�p�y�™�M�h�i�V�h�M .

3.3.1 	Ý�6�M���Ü

�á
é�í�> , 
+	à�>�w	Ý�6�M���Ü�x�f�•�g�•

pd = ρdRdT, (3.1)

pv = ρvRvT (3.2)

�p�K�” . �\�\�p p �x�y�— , ρ �x�µ�S , R �x�>�.��
: , T �x�9�S�p�K�“ , •d, •v �x�f�•�g�•�á
é�í�>�S

�‘�|
+	à�>�t���b�”�”�p�K�”�\�q�›�Ô�b . �`�h�U�l�o , 
¶�y p = pd + pv �x ,

p = (ρdRd + ρvRv)T

= ρRd(1 + εvq)T
(3.3)

�q�s�” . �\�\�p , q = ρv/ρ �x
z�ê , �p�K�“ , εv ≡ 1/ε− 1, ε ≡ Rd/Rv �p�K�” . �`�h�U�l�o , 
¶�G�>�w

	Ý�6�M���Ü�x ,

p = ρRT. (3.4)

�h�i�` , R ≡ Rd(1 + εvq) �p�K�” . �K�”�M�x , �>�9�S Tv ≡ T (1 + εvq) �›�;�M�•�y ,

p = ρRdTv (3.5)

�q
¯�^�•�” .

3.3.2 �È���w�Ü


¶�G�>�w�í�”�-�����x , 
+	à�>�w
\
R	«�Ó�›�Á�¹�b�•�y 3,

∂ρ

∂t
+

∂

∂xj
(ρvj) = 0. (3.6)

�\�\�p , v �x
é���p�K�” . �å�¬�å�ï�´�á���Ü�p�G	\�b�•�y ,

dρ

dt
+ ρ∇·v = 0. (3.7)

3.3.3 
+	à�>�w�Ü


+	à�>�µ�S ρv �t�0�b�”�í�”�-�����x , �o�•�Ì���o�•�.
u�K�h�“�w
\
R	«�Ó�”�› S �q�b�•�y ,

∂ρv

∂t
+

∂

∂xj
(ρvvj) = S. (3.8)

2http://www.gfd-dennou.org/library/dcpam/dcpam4/dcpam4 current/doc/discretization/htm/discretization.htm
3�Í�p�Ô�b�‘�O�t
+	à�>�Ü�p�x
\
R	«�Ó�›���Š�o�M�” . �`�h�U�l�o , 
¶�G�>�w�í�”�-�����x , 
+	à�>�w
\
R	«�Ó�U�I�V�o

�‹
¶�í�”�U�-���b�”�‘�O�t , �á
é�G�>�”�U�!�=�b�”�\�q�›�A
e�`�o�M�”�\�q�t�s�” .

2008/06/26(�•�•�v�.�?�ô�Þ�¸
æ ) dynamics/dynamics.tex(dynamics/dyn-basiceq.tex)
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Å�M���Ü�%�w�‹	Z 5


z�ê q = ρv/ρ �t���b�”�Ü�x , �j�g�$�t�x (3.6) �q (3.8) �T�’�˜�”�\�q�U�p�V�” . �`�T�` , ���w	Ô�ù ,
(3.6) �p
+	à�>�w
\
R	«�Ó�›�Á�¹�`�h�w�p , 
Y�`�X�x�˜�’�•�s�M . �f�\�p
z�ê�w
\
R	«�Ó�t���b�”�ò

�›�~�Š�o Sq �q���[�b�” .

dq

dt
= Sq. (3.9)

3.3.4 �á�ˆ�M���Ü

�á�ˆ�”�-�����x , 
+	à�>�w
\
R	«�Ó�t�q�‹�s�O�á�ˆ�”�!�=�›�Á�¹�b�•�y�Í�w�‘�O�t	{�Z�” .

∂

∂t
(ρvi) +

∂

∂xj
(ρvivj) +

∂p

∂xi
− ∂σij

∂xj
+ ρ

∂Φ¤

∂xi
= F0

i . (3.10)

�\�\�p , σij �x�ê
Q� �—�Â�ï�¹�ç , Φ¤ �x�í
U�w�¾�—�t�‘�”�Ù�Â�ï�³�ß�ç 4, F0
i �x�f�w���w�Ž�—�ò�p

�K�” . �K�”�M�x�È���w�Ü�›�;�M�o�å�¬�å�ï�´�á���Ü�p�G	\�b�”�q

ρ
dvi

dt
+

∂p

∂xi
− ∂τij

∂xj
+ ρ

∂Φ¤

∂xi
= F0

i (3.11)

�q�s�” . �\�\�p , �ê
Q�ò�q�Ž�—�ò�› Fi �q�S�V , �^�’�t�Õ�«�Ä�ç
¯�Ô�b�” .

ρ
dv
dt

+ ∇p + ρ∇Φ¤ = F . (3.12)

3.3.5 �ä�—�¶�w�Ü

�o�•�í�”�K�h�“�w
¶�¤�É�ç�ª�”�x , �á�ˆ�¤�É�ç�ª�” v2/2 �q�º
æ�¤�É�ç�ª�” ε �S�‘�|�Ù�Â�ï�³�ß�ç

�¤�É�ç�ª�” Φ¤ �w�è�p
¯�q�^�•�” . �\�w�Ì���!�=�p�w�Ü�x , 
+	à�>�w
\
R	«�Ó�t�‘�”�è�¹�›�Á�¹�b

�•�y ,

∂

∂t

·
ρ

µ
1
2

v2 + ε + Φ¤
¶¸

+
∂

∂xj

·
ρ

µ
1
2

v2 + ε + Φ¤
¶

vj + pvj − σijvi

¸
= ρQ + F0

ivi (3.13)

�p�K�” . �\�\�p , Q �x�Ž
æ�T�’�w�C�ä�p�p�K�” . �°�M , �á�ˆ�¤�É�ç�ª�”�q�Ù�Â�ï�³�ß�ç�¤�É�ç�ª�”

�w�è�w�-���Ü�x , �á�ˆ�”�-���Ü (3.10) �t vi �›�T�Z , �È���w�Ü�›�;�M�o�!���b�”�\�q�p�˜�’�•�” 5.

∂

∂t

µ
1
2
ρv2

i + ρΦ¤
¶

+
∂

∂xj

µ
1
2
ρvjv2 + ρΦ¤vj + pvj − σijvi

¶
= p

∂vj

∂xj
− σij

∂vi

∂xj
+ F0

ivi. (3.14)

4�\�•�x��	ú�—�›�ß�€�`�s�M�í
U�w�í�”�t�w�ˆ�I�¼�`�h�Ù�Â�ï�³�ß�ç .
5�‹	Z�w�a���›�Ô�b . �(�%�H 1 �ò�q�H 2 �ò�x�Í�w�‘�O�t�!���^�•�” .

vi
@

@t
(½vi ) + vi

@

@xj
(½vj vi ) =

@

@t
(½v2i ) +

@

@xj
(½vj v2

i ) ¡ ½
@

@t

�
1

2
v2

i

�
¡ ½vj

@

@xj

�
1

2
v2

i

�

=
@

@t
(½v2i ) +

@

@xj
(½vj v2

i ) ¡
@

@t

�
1

2
½v2i

�
¡

@

@xj

�
1

2
v2

i ½vj

�

+
1

2
v2

i
@½

@t
+

1

2
v2

i
@

@xj
(½vj )

=
@

@t

�
1

2
½v2i

�
+

@

@xj
(
1

2
½vj v2

i ) +
1

2
v2

i

�
@½

@t
+

@

@xj
(½vj )

�

=
@

@t

�
1

2
½v2i

�
+

@

@xj
(
1

2
½vj v2

i ):
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��M���Ü�%�w�‹	Z �H 3 	· �—�¶�a���w�§
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�\�\�p , �!���w�M�t�x ∂Φ¤

∂t = 0 �p�K�”�q�`�o�M�” . (3.13) �q (3.14) �q�w�)�›�q�”�q , �Í�w�‘�O�t�º


æ�¤�É�ç�ª�”�w�Ü�U�˜�’�•�” .

∂

∂t
(ρε) +

∂

∂xj
(ρεvj) = −p

∂vj

∂xj
+ σij

∂vi

∂xj
+ ρQ. (3.15)

�È���w�Ü�›�;�M�o�å�¬�å�ï�´�á���Ü�t	{�V�Ú�d�y

ρ
dε

dt
=

p

ρ

µ
dρ

dt

¶
+ ρQ. (3.16)

�Ž�ñ�p�x , �Ž
æ�T�’�w�C�ä�w�ò�q�ê
Q�t�‘�”�C�ä�w�ò�›�‡�q�Š�o Q¤ �q�S�X�\�q�q�b�” .

�º
æ�¤�É�ç�ª�”�›�9�S�›�;�M�o
¯�q�b�”�q ε = CvT �p�K�” . Cv �x���y
z�ä�p�K�” . �^�’�t	Ý�6�M

���Ü (3.4) �›�;�M�o (3.16) �›�!���b�” . Cp = Cv + R �p�K�”�\�q�t�«�™�b�•�y

dCpT

dt
=

1
ρ

dp

dt
+ Q¤, (3.17)

�‡�h , �(�%�H 5 �ò�x�Í�w�‘�O�t�!���^�•�” . �!���w�M�t�x @Φ¤

@t = 0 �p�K�”�q�`�o�M�” .

vi ½
@Φ¤

@xi
= Φ¤

�
@½

@t
+

@

@xi
(½vi )

�
+ ½

@Φ¤

@t
+ vi ½

@Φ¤

@xi

=
@

@t
(½Φ¤) +

@

@xi
(½Φ¤ vi ):
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�q�s�” . �\�\�p , Cp �›�á
é�í�>�w���y
z�ä Cd
p (��
: ) �p�Ù�Å�b�”�q 6, �Í�w�ä�—�¶�w�Ü�›�˜�” .

dT

dt
=

1
Cd

pρ

dp

dt
+

Q¤

Cd
p

. (3.18)

3.4 �s�8�%�•�w�!�õ

�\�\�p�x , �M���Ü�%�›�°���w�×�8�¯���S Ω �p�s�8�b�”�s�8�%�t�!�õ�b�” .

3.4.1 �µ�§�å�”�w�!�õ�¬�Ü

�ó
Q�%�t�S�Z�”�Ì��
•
ü�›�4�È a �p , �s�8�%�›�4�È r �p
¯�q�b�” . �\�w�q�V , �Ú�™�w�µ�§�å�” ψ �t

�0�`�o ,
µ

dψ

dt

¶

a

=
µ

dψ

dt

¶

r

(3.19)

�U
R�“�h�m 7.
6�\�w�Ù�Å�t�x�Y�ð�U�’�” . 	Ý�6�M���Ü�t�S�M�o�x , �>�.��
: R �› Rd �q�b�”�Ù�Å�x (�>�9�S Tv �›�‹�Ö�b�”�\�q�p ) �æ

�s�˜�s�T�l�h . Cp �t�m�M�o�i�Z�Ù�Å�b�”�w�x�Ù�Å�w�è�Õ�ç�t�°��
Q�U�s�M�‘�O�t�¥�˜�•�” .
�Ž�<�x�f�w	��Á . ���ù
z r = ½v =½d �›�;�M�o�M�” . 
¶�G�>�w�º
æ�¤�É�ç�ª�”�x

½"= ½d " d + ½v " v

= ½d Cd
v T + ½v Cv

v T

= ½
�

½d Cd
v + ½v Cv

v

½

�
T

= ½
�

Cd
v + rC v

v

1 + r

�
T;

�q�s�” . �`�h�U�l�o ,

Cv ´
Cd

v + rC v
v

1 + r
;

�p�K�” . �‡�h ,

R ´
Rd + rR v

1 + r

�
= Rd 1 + r=²

1 + r

�
;

�p�K�”�T�’ ,

Cp = Cv + R

=
Cd

v + rC v
v + Rd + rR v

1 + r

=
Cd

p + rC v
p

1 + r

= Cd
p

1 + rC v
p =Cd

p

1 + r

» Cd
p

1 + 8r=7²

1 + r
;

�q�s�” . �\�\�p , Cd
p = (Cd

v + Rd ) » ( 5
2

Rd + Rd ) = 7
2

Rd , �S�‘�| Cv
p = (Cv

v + Rv ) » (3Rv + Rv ) = 4Rv �›�;�M�h .

�ä�—�¶�w�Ü�p�x , �\�w	Ý�¯�t�0�`�o , Cp » Cd
p �q�Ù�Å�`�h . �`�T�` , 
i�—�¶���ç�w�Ü�p�x , �h�l�h 8=7 �w�§�M�s�w�t R �›

Rd �t�Ù�Å�d�c , �>�9�S�w�‹�Ö�t�‘�“�k�µ�t	��“�{�S�O�q�`�o�M�” .
7�\�•�x�×�Ì�w�\�q�q�`�h�M . �µ�§�å�” Ã �w�2
ª�!�õ�x�2
ª�!�õ�Â�ï�¹�ç�t�‘���`�s�M (�p�‰�a�‹�›�q�” ) �T�’�p�K�” .
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3.4.2 �Õ�«�Ä�ç�w�!�õ�¬�Ü

�Ú�™�w�Õ�«�Ä�ç A �t�0�b�”�ó
Q�%�S�‘�|�s�8�%�p�w
•
ü�x�Í�w�����›�‹�m .
µ

dA
dt

¶

a

=
µ

dA
dt

¶

r

+ Ω × A . (3.20)

(	Â�Ì ) �Ú�™�w�Õ�«�Ä�ç A �› , �ó
Q�%�p�x

A = i Ax + j Ay + kAz (3.21)

�q
¯�` , �s�8�%�p�x

A = i 0A0
x + j 0A0

y + k 0A0
z (3.22)

�q
¯�b . �Ì��
•
ü�›�q�”�q
µ

dA
dt

¶

a

= i
µ

dAx

dt

¶

a

+ j
µ

dAy

dt

¶

a

+ k
µ

dAz

dt

¶

a

= i 0
µ

dA0
x

dt

¶

a

+ j 0
µ

dA0
y

dt

¶

a

+ k 0
µ

dA0
z

dt

¶

a

+
µ

di 0

dt

¶

a

A0
x +

µ
dj 0

dt

¶

a

A0
y +

µ
dk 0

dt

¶

a

A0
z

= i 0
µ

dA0
x

dt

¶

r

+ j 0
µ

dA0
y

dt

¶

r

+ k 0
µ

dA0
z

dt

¶

r

+ Ω × i 0A0
x + Ω × j 0A0

y + Ω × k 0A0
z

=
µ

dA
dt

¶

r

+ Ω × A . (3.23)

(	Â�Ì	4�“ )

�\�\�p A = r ( r �x�•�”�Õ�«�Ä�ç ) �q�S�Z�y�ó
Q�%�p�w���S va ≡ (dr /dt)a (�\�•�‡�p�w v) �x�s

�8�%�p�w���S v ≡ (dr /dt)r �›�;�M�o�Í�w�‘�O�t
¯�b�\�q�U�p�V�” .

va = v + Ω × r . (3.24)

�^�’�t , (3.20) �p A = va �q�S�Z�y , ���S�w�Ì��
•
ü�ò�x

dva

dt
=

dv
dt

+ 2Ω × v + Ω × (Ω × r ) (3.25)

�q�!�õ�p�V�” .

3.4.3 �s�8�%�•�w�!�õ

�!�õ�w (3.25) �›�;�M�o�á�ˆ�M���Ü�›�s�8�%�p�G	\�b�” .

dv
dt

= −1
ρ
∇p − 2Ω × v − Ω × (Ω × r ) + ∇Φ¤ + F . (3.26)

�°�M , �Õ�«�Ä�ç�w�2
ª�!�õ�x , �2
ª�!�õ�Â�ï�¹�ç�q�w
u�p
¯�q�^�•�” . �`�h�U�l�o , �2
ª�!�õ�Â�ï�¹�ç�×�.�U�Ì���!�=�b
�”	Ô�ù , �p
µ�Õ�«�Ä�ç�w�Ì��
•
ü�x�2
ª�!�õ�Â�ï�¹�ç�w�Ì��
•
ü�w�è�¹�›	!�Z�” .
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��M���Ü�%�w�‹	Z 3.5 �•�2
ª�•�w�!�õ 9

�\�\�p , 	O�—�C���S g ≡ ∇Φ¤ − Ω × (Ω × v) �›���[�b�•�y , �á�ˆ�M���Ü�x

dv
dt

= −1
ρ
∇p − 2Ω × v + g + F (3.27)

�q�s�” .

�È���w�Ü�S�‘�|�ä�—�¶�w�Ü�t�S�M�o�x , �å�¬�å�ï�´�á
•
ü�U�^�;�`�o�M�”�µ�S�S�‘�|�9�S�x�2
ª�!

�õ�t�Á�����s�µ�§�å�”�p�K�”�h�Š , �f�w�Ì��
•
ü�w���x�!�˜�’�s�M . �È���w�Ü�x , ���S	Ô�w
C�„�›

���‰�U , �\�•�x�2
ª�!�õ�t�‘�l�o�‹�‹�x�!�˜�’�s�M . �`�h�U�l�o , �\�•�’�w�Ü�x���›�!�Q�s�M .

3.5 �•�2
ª�•�w�!�õ

3.5.1 �Ú�¦�Â
¢�2
ª�%�t�S�Z�”
•
ü

�°
`�w�Ú�¦�Â
¢�2
ª (ξ1, ξ2, ξ3) �t�S�M�o , �µ�§�å�” • �S�‘�|�Õ�«�Ä�ç A = (A1, A2, A3) �x�Í�w�‘

�O�t
¯�q�^�•�” . �s�S , hi �x�¤�à�M�²�w�F�Û�¼� �p�K�“ , �¤�à�M�²�w�,���Õ�«�Ä�ç�x ei �q�b�” .

∇• =
µ

1
h1

∂•
∂ξ1

,
1
h2

∂•
∂ξ2

,
1
h3

∂•
∂ξ3

¶
, (3.28)

∇·A =
1

h1h2h3

·
∂

∂ξ1
(h2h3A1) +

∂

∂ξ2
(h1h3A2) +

∂

∂ξ3
(h1h2A3)

¸
, (3.29)

∇2• =
1

h1h2h3

·
∂

∂ξ1

µ
h2h3

h1

∂•
∂ξ1

¶
+

∂

∂ξ2

µ
h1h3

h2

∂•
∂ξ2

¶
+

∂

∂ξ3

µ
h1h2

h3

∂•
∂ξ3

¶¸
, (3.30)

∇×A =
µ

1
h2h3

·
∂(h3A3)

∂ξ2
− ∂(h2A2)

∂ξ3

¸
,

1
h3h1

·
∂(h1A1)

∂ξ3
− ∂(h3A3)

∂ξ1

¸
,

1
h1h2

·
∂(h2A2)

∂ξ1
− ∂(h1A1)

∂ξ2

¸¶
,

(3.31)

d•
dt

=
∂•
∂t

+
v1

h1

∂•
∂ξ1

+
v2

h2

∂•
∂ξ2

+
v3

h3

∂•
∂ξ3

, (3.32)

dv
dt

=
3X

k=1

ek

2

4 ∂vk

∂t
+

3X

j=1

vk

hk

∂vk

∂ξj
+

µ
− vj

hj

1
hk

∂hj

∂ξk
+

vk

hk

1
hj

∂hk

∂ξj

¶
vj

3

5 . (3.33)

3.5.2 �•�2
ª�%�t�S�Z�”
•
ü

	O�—�C���S g �U�í
U�¤	ú�›�²�M�o�M�”�q�ˆ�s�`�o , �M���Ü�%�›�•�2
ª (ξ1, ξ2, ξ3) = (λ, ϕ, r) �t�!

�õ�b�” . �s�8�%�t�{���`�h�Ú�¦�Ú
¢�2
ª (x1, x2, x3) �q�w�����x

x1 = r cos ϕ cos λ, (3.34)

x2 = r cos ϕ sinλ, (3.35)

x3 = r sinϕ (3.36)

�p�K�” . �\�\�p , λ �x�¢�S , ϕ �x�&�S , r �x���Ú�2
ª�p�K�” . �‡�h , �,���Õ�«�Ä�ç�› (eλ, eϕ, er), ��

�S�Õ�«�Ä�ç�› (u, v, w) �p
¯�b .
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�¤�M�²�w�F�¨�=�¼�  (scale factor) �x

hλ = r cos ϕ, hϕ = r, hr = 1. (3.37)

�`�h�U�l�o , �µ�§�å�” • �S�‘�|�Õ�«�Ä�ç A = (Aλ, Aϕ, Ar) �t���b�”
•
ü
¯�q�x�Í�w�‘�O�t�s�” .

∇• = eλ
1

r cos ϕ

∂•
∂λ

+ eϕ
1
r

∂•
∂ϕ

+ er
∂•
∂r

, (3.38)

∇·A =
1

r2 cos ϕ

·
r
∂Aλ

∂λ
+ r

∂

∂ϕ
(cos ϕAϕ) + cos ϕ

∂

∂r
(r2Ar)

¸
, (3.39)

∇2• =
1

r2 cos ϕ

·
∂

∂λ

µ
1

cos ϕ

∂•
∂λ

¶
+

∂

∂ϕ

µ
cos ϕ

∂•
∂ϕ

¶
+

∂

∂r

µ
r2 cos ϕ

∂•
∂r

¶¸
, (3.40)

∇×A = eλ
1
r

·
∂Ar

∂ϕ
− ∂

∂r
(rAϕ)

¸

+ eϕ
1

r cos ϕ

·
∂

∂r
(r cos ϕAλ) − ∂Ar

∂λ

¸

+ er
1

r cos ϕ

·
∂Aϕ

∂λ
− ∂

∂ϕ
(cos ϕAλ)

¸
,

(3.41)

d•
dt

=
∂•
∂t

+
u

r cos ϕ

∂•
∂λ

+
v

r

∂•
∂ϕ

+ w
∂•
∂r

, (3.42)

dA
dt

= eλ

·
∂Aλ

∂t
+

u

r cos ϕ

∂Aλ

∂λ
+

v

r

∂Aλ

∂ϕ
+ w

∂Aλ

∂r
+

u

r
Ar −

u tanϕ

r
Aϕ

¸

+ eϕ

·
∂Aϕ

∂t
+

u

r cos ϕ

∂Aϕ

∂λ
+

v

r

∂Aϕ

∂ϕ
+ w

∂Aϕ

∂r
+

v

r
Ar +

u tanϕ

r
Aλ

¸

+ er

·
∂Ar

∂t
+

u

r cos ϕ

∂Ar

∂λ
+

v

r

∂Ar

∂ϕ
+ w

∂Ar

∂r
− v

r
Aϕ − u

r
Aλ

¸
.

(3.43)

3.5.3 �•�2
ª�•�w�!�õ

�×�8�¯���S�Õ�«�Ä�ç�w
¯�q�x�Í�w�‘�O�t�s�” .

2Ω × v = 2Ω(eϕ cos ϕ + er sinϕ) × (ueλ + veϕ + wer)

= (2Ω cos ϕw − 2Ω sin ϕv)eλ + 2Ω sin ϕueϕ − 2Ω cos ϕuer.
(3.44)

�`�h�U�l�o , �á�ˆ�M���Ü�x

du

dt
= − 1

ρr cos ϕ

∂p

∂λ
+ 2Ωv sinϕ − 2Ωw cos ϕ +

uv

r
tan ϕ − uw

r
+ Fλ, (3.45)

dv

dt
= − 1

ρr

∂p

∂ϕ
− 2Ωu sinϕ − u2

r
tanϕ − vw

r
+ Fϕ, (3.46)

dw

dt
= −1

ρ

∂p

∂r
− g + 2Ωu cos ϕ +

u2

r
+

v2

r
+ Fr. (3.47)

�È���w�Ü�x

dρ

dt
+

1
r cos ϕ

∂

∂λ
(u) +

1
r cos ϕ

∂

∂ϕ
(cos ϕv) +

1
r2

∂

∂r
(r2w) = 0. (3.48)
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�ä�—�¶�w�Ü�x

d

dt
T =

1
Cd

pρ

dp

dt
+

Q¤

Cd
p

. (3.49)

	Ý�6�M���Ü�x

p = ρRdTv. (3.50)


+	à�>�w�Ü�x

dq

dt
= Sq. (3.51)

�\�\�p ,

d

dt
=

∂

∂t
+

u

r cos ϕ

∂

∂λ
+

v

r

∂

∂ϕ
+ w

∂

∂r
(3.52)

�p�K�” .

3.6 z-�2
ª�Ó�æ�Û�Â�Ÿ�Ò�M���Ü

3.6.1 
i�—�¶���ç�Ù�Å

���Ú�M�²�w�á�ˆ�M���Ü�t�0�` , �Ž�<�w�‘�O�t
i�—�¶���ç�Ù�Å�›�æ�s�O .

0 = −1
ρ

∂p

∂z
− g. (3.53)

�\�w�q�V , �á�ˆ�¤�É�ç�ª�”�w�-�����›�ß�€�`�o , 
+���M�²�w�á�ˆ�M���Ü�t�0�`�o�‹�Ù�Å�›�ª�b . �á

�ˆ�¤�É�ç�ª�”�w�Ü�x , �á�ˆ�M���Ü�w�¤
R
ü�t�f�•�g�• u, v, w �›�T�Z�”�\�q�p�˜�’�•�” .

d

dt

µ
1
2

v2

¶
= u

du

dt
+ v

dv

dt
+ w

dw

dt

= u

½
− 1

ρr cos ϕ

∂p

∂λ
+ 2vΩ sinϕ

| {z }
(1)

− 2wΩcos ϕ
| {z }

(2)

+
uv

r
tanϕ

| {z }
(3)

− uw

r|{z}
(4)

+Fλ

¾

+ v

½
− 1

ρr

∂p

∂ϕ
− 2Ωu sinϕ

| {z }
(1)

− u2

r
tan ϕ

| {z }
(3)

− vw

r|{z}
(5)

+Fϕ

¾

+ w

½
−1

ρ

∂p

∂r
− g + 2Ωu cos ϕ

| {z }
(2)

+
u2

r|{z}
(4)

+
v2

r|{z}
(5)

+Fr

¾

= −1
ρ

v∇p − gw − v · F . (3.54)

�¯�æ�¦�æ�w�—�S�‘�|�Ý�Ä�æ�¿�«�ò�x�‰�a
j�ø�w�‹�w�‰�œ�p�'�j	«�`�K�l�o , �á�ˆ�¤�É�ç�ª�”�w�Ì��

�!�=�t�/�)�`�s�M�\�q�U�˜�T�” 8. �`�h�U�l�o , 
i�—�¶���ç�Ù�Å�w�M�t���Ú
R
ü�w�Ü�T�’�X�q�`�h�ò
8��	ú�—�›	O�—�C���S�T�’
ü�m�`�o�¤�É�ç�ª�”�w�Ü�p�ß�€�b�”�q , �\�w�/�)�x�©�ß�ï�·�ç�b�”�\�q�s�X�’�” .
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(2),(4),(5) �t�0� �`�h
+��
R
ü�w�Ü�w�ò�‹	��“	†�X . �\�•�t�‘�“ , �á�ˆ�M���Ü�w
+��
R
ü�x�Í�w�‘

�O�t�s�” .
du

dt
=

uv tan ϕ

r
+ fv − 1

ρr cos ϕ

∂p

∂λ
+ Fλ, (3.55)

dv

dt
= −u2 tanϕ

a
− fu − 1

ρr

∂p

∂ϕ
+ Fϕ. (3.56)

�\�\�p , f �x�¯�æ�¦�æ�Í�å�Ý�”�» f ≡ 2Ω sin ϕ �p�K�” .

3.6.2 
,�M�•�ª�Ù�Å

�G�>�w
Ú�U�í
U
R���t
z�‚�o
,�M�\�q�›�>���` , �M���Ü�¤�w r �› , �E
¯�$�s�í
U
R�� a �p�S�V�T�Q

�” . �‡�h , r �t�‘�”
•
ü�x�b�‚�o�‚
H�ô�S z �t�‘�”
•
ü�p�S�V�T�Q�” . �\�w�q�V�,
Å�M���Ü�x�Í�w

�‘�O�t�s�” .
dρ

dt
= −ρ∇·v , (3.57)

dq

dt
= Sq, (3.58)

du

dt
=

uv tanϕ

a
+ fv − 1

ρa cos ϕ

∂p

∂λ
+ Fλ, (3.59)

dv

dt
= −u2 tanϕ

a
− fu − 1

ρa

∂p

∂ϕ
+ Fϕ, (3.60)

0 = −1
ρ

∂p

∂z
− g, (3.61)

dT

dt
=

1
Cd

pρ

dp

dt
+

Q¤

Cd
p

, (3.62)

p = ρRdTv. (3.63)

�\�\�p ,
d

dt
=

∂

∂t
+

u

a cos ϕ

∂

∂λ
+

v

a

∂

∂ϕ
+ w

∂

∂z
, (3.64)

∇·v ≡ 1
a cos ϕ

∂u

∂λ
+

1
a cos ϕ

∂v

∂ϕ
(v cos ϕ) +

∂w

∂z
. (3.65)

3.7 ¾-�2
ª�Ó�æ�Û�Â�Ÿ�Ò�M���Ü


i�—�¶���ç�w�‹�q�p�x , �>�y p �x���Ú�2
ª z �t�0�`�o�Ð�n	—�b�”��
:�p�K�” . �f�\�p , ���Ú�2
ª�›

z �T�’ , �•
¯�Ø�>�y ps �p�F�¨�=�`�h�>�y�2
ª ,

σ ≡ p

ps
(3.66)

�t�!�õ�b�” . σ �q z �w�����x , 
i�—�¶���ç�w�Ü (3.5) �›�!���`�o�˜�’�•�” .

∂σ

∂z
= − gσ

RdTv
. (3.67)
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3.7.1 ¾-�2
ª�!�õ�¬�Ü

z- �2
ª�T�’ σ- �2
ª�•�w�!�õ�¬�Ü�›�Ô�b .

���Ú
•
ü

∂•
∂z

=
∂σ

∂z

∂•
∂σ

= − gσ

RdTv

∂•
∂σ

.
(3.68)


+��
•
ü
µ

∂•
∂λ

¶

z

=
µ

∂•
∂λ

¶

σ

− ∂σ

∂z

∂•
∂σ

µ
∂z

∂λ

¶

σ

=
µ

∂•
∂λ

¶

σ

+
gσ

RdTv

∂•
∂σ

µ
∂z

∂λ

¶

σ

,

(3.69)

µ
∂•
∂ϕ

¶

z

=
µ

∂•
∂ϕ

¶

σ

− ∂σ

∂z

∂•
∂σ

µ
∂z

∂ϕ

¶

σ

=
µ

∂•
∂ϕ

¶

σ

+
gσ

RdTv

∂•
∂σ

µ
∂z

∂ϕ

¶

σ

.

(3.70)

�Ì��
•
ü
µ

∂•
∂t

¶

z

=
µ

∂•
∂t

¶

σ

− ∂σ

∂z

∂•
∂σ

µ
∂z

∂t

¶

σ

=
µ

∂•
∂t

¶

σ

+
gσ

RdTv

∂•
∂σ

µ
∂z

∂t

¶

σ

.

(3.71)

�å�¬�å�ï�´�á
•
ü�x�\�•�’�›�;�M�o ,
µ

d•
dt

¶

z

=
µ

∂•
∂t

¶

z

+
u

a cos ϕ

µ
∂•
∂λ

¶

z

+
v

a

µ
∂•
∂ϕ

¶

z

+ w

µ
∂•
∂z

¶

z

=
µ

∂•
∂t

¶

σ

+
u

a cos ϕ

µ
∂•
∂λ

¶

σ

+
v

a

µ
∂•
∂ϕ

¶

σ

+
gσ

RdTv

½µ
∂z

∂t

¶

σ

+
u

a cos ϕ

µ
∂z

∂λ

¶

σ

+
v

a

µ
∂z

∂ϕ

¶

σ

− w

¾
∂•
∂σ

=
µ

d•
dt

¶

σ

. (3.72)

�\�\�p , σ-�2
ª���Ú���S σ̇ �›���[�b�” .

σ̇ ≡ gσ

RdTv

½µ
∂z

∂t

¶

σ

+
u

a cos ϕ

µ
∂z

∂λ

¶

σ

+
v

a

µ
∂z

∂ϕ

¶

σ

− w

¾
. (3.73)
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3.7.2 ¾-�2
ª�Ó�æ�Û�Â�Ÿ�Ò�M���Ü�%


i�—�¶���ç�w�Ü

(3.67) �›	O�—�Ù�Â�ï�³�ß�ç Φ = gz �›�;�M�o	{�Z�y ,

∂Φ
∂σ

= −RdTv

σ
. (3.74)

�á�ˆ�M���Ü


+���w�y�—�¯
��x , (3.69) �S�‘�| (3.70) �› p �t�0�`�o�&�;�` , (3.66) �›�;�M�•�y�Í�w�‘�O�t�!�õ�^

�•�” .

1
ρ

µ
∂p

∂λ

¶

z

=
1
ρ

½µ
∂p

∂λ

¶

σ

+
gσ

RdTv

∂p

∂σ

µ
∂z

∂λ

¶

σ

¾

=
RdTv

ps

∂ps

∂λ
+

RdTv

p

gσ

RdTv
ps

µ
∂z

∂λ

¶

σ

= RdTv

µ
∂π

∂λ

¶

σ

+
∂Φ
∂λ

, (3.75)

1
ρ

µ
∂p

∂ϕ

¶

z

= RdTv

µ
∂π

∂ϕ

¶

σ

+
∂Φ
∂ϕ

. (3.76)

�\�\�p π ≡ ln ps �p�K�” . �`�h�U�l�o , �á�ˆ�M���Ü�w
+��
R
ü�x ,

du

dt
− fv − uv

a
tanϕ = − 1

a cos ϕ

∂Φ
∂λ

− RdTv

a cos ϕ

∂π

∂λ
+ Fλ, (3.77)

dv

dt
+ fu +

u2

a
tanϕ = −1

a

∂Φ
∂ϕ

− RdTv

a

∂π

∂ϕ
+ Fϕ. (3.78)
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�È���w�Ü

���S�w
C�„�x ,

(∇·v)z =
1

a cos ϕ

·µ
∂u

∂λ

¶

σ

+
gσ

RdTv

∂u

∂σ

µ
∂z

∂λ

¶

σ

¸

+
1

a cos ϕ

·µ
∂

∂ϕ
(v cos ϕ)

¶

σ

+
gσ

RdTv

∂

∂σ
(v cos ϕ)

µ
∂z

∂λ

¶

σ

¸
− gσ

RdTv

∂

∂σ

µ
dz

dt

¶

σ

=
1

a cos ϕ

·µ
∂u

∂λ

¶

σ

+
gσ

RdTv

∂u

∂σ

µ
∂z

∂λ

¶

σ

¸

+
1

a cos ϕ

·µ
∂

∂ϕ
(v cos ϕ)

¶

σ

+
gσ

RdTv

∂

∂σ
(v cos ϕ)

µ
∂z

∂λ

¶

σ

¸

− gσ

RdTv

∂

∂σ

·µ
∂z

∂t

¶

σ

+
u

a cos ϕ

µ
∂z

∂λ

¶

σ

+
v

a

µ
∂z

∂ϕ

¶

σ

+ σ̇
∂z

∂σ

¸

=
1

a cos ϕ

µ
∂u

∂λ

¶

σ

+
1

a cos ϕ

µ
∂

∂ϕ
(v cos ϕ)

¶

σ

+
∂σ̇

∂σ

− gσ

RdTv

·
∂

∂σ

µ
∂z

∂t

¶

σ

+
u

a cos ϕ

∂

∂σ

µ
∂z

∂λ

¶

σ

+
v

a

∂

∂σ

µ
∂z

∂ϕ

¶

σ

+ σ̇
∂

∂σ

µ
∂z

∂σ

¶¸

= (∇·vH)σ +
∂σ̇

∂σ
+

∂σ

∂z

µ
d

dt

∂z

∂σ

¶

σ

. (3.79)

�\�\�p ,

∇·vH ≡ 1
a cos ϕ

µ
∂u

∂λ

¶

σ

+
1

a cos ϕ

µ
∂

∂ϕ
(v cos ϕ)

¶

σ

. (3.80)

�•�Q�t , z- �2
ª�È���w�Ü�x�Í�w�‘�O�t�!�õ�^�•�” .

1
ρ

µ
dρ

dt

¶

z

+ (∇·v)z =
1
ρ

µ
dρ

dt

¶

σ

+ (∇·vH)σ +
∂σ̇

∂σ
+

∂σ

∂z

µ
d

dt

∂z

∂σ

¶

σ

=
1
ρ

µ
dρ

dt

¶

σ

+ (∇·vH)σ +
∂σ̇

∂σ
+

ρ

ps

µ
d

dt

ps

ρ

¶

σ

=
µ

d ln ps

dt

¶

σ

+ (∇·vH)σ +
∂σ̇

∂σ
. (3.81)

�`�h�U�l�o π ≡ ln ps �›�;�M�o�G	\�b�•�y�Í�w�‘�O�t�s�” .

dπ

dt
+ ∇·vH +

∂σ̇

∂σ
= 0. (3.82)

�ä�—�¶�w�Ü

(3.62) �w�È�%�H 1 �ò�x�Í�w�‘�O�t�!�õ�^�•�” .

1
Cd

pρ

dp

dt
=

1
Cd

pρ

½
∂p

∂t
+ vH · ∇σp + σ̇

∂p

∂σ

¾

=
1

Cd
pρ

½
σ

∂ps

∂t
+ σvH · ∇σps + σ̇ps

¾

=
RdTv

Cd
p

½
∂π

∂t
+ vH · ∇σπ +

σ̇

σ

¾
. (3.83)
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�\�\�p ,

vH · ∇σ =
u

a cos ϕ

∂

∂λ
+

v

a

∂

∂ϕ
. (3.84)

�`�h�U�l�o , �ä�—�¶�w�Ü�x�Í�w�‘�O�t�s�” .

dT

dt
=

RdTv

Cd
p

½
∂π

∂t
+ vH · ∇σπ +

σ̇

σ

¾
+

Q¤

Cd
p

. (3.85)

3.7.3 �¥�„	Ú�E

�\�\�p , σ �2
ª�t�S�Z�”�¥�„	Ú�E�t�m�M�o	\�‚�” .

�•
¯�Ø�ô�S

Φ = Φs(λ, ϕ) at σ = 1. (3.86)

�b�s�˜�j , Φs �x
¯�Ø�•���›
¯�b . �\�w�¥�„	Ú�E�›�;�M�o , 
i�—�¶���ç�w�Ü�›���Ú
u
ü�b�”�\�q�p ,
�Ú�™�wσ �t�S�Z�”�ô�S Φ �›�{�Š�”�\�q�U�p�V�” .

σ �2
ª���Ú���S

σ̇ = 0 at σ = 0, 1. (3.87)


+���v�S�‘�|�ä�—�¶�!
:

�\�\�p�x	\�‚�s�M .

3.7.4 ���²�M���Ü

�È���w�Ü�›���Ú�M�²�t σ = 0 �T�’ σ = 1 �‡�p
u
ü�` , σ̇ �t���b�”�¥�„	Ú�E�›�;�M�•�y , ���²�M���Ü

�q�‘�y�•�” π �w�Ì���!�=�t���b�”�Ü�U�˜�’�•�” .

∂π

∂t
= −

Z 1

0

vH · ∇σπdσ −
Z 1

0

Ddσ. (3.88)

�\�w�Ü�›�;�M�•�y , σ̇ �w	Ø�C�U�s�X�o�‹�•
¯�Ø�>�y�w�Ì���!�=�›�{�Š�”�\�q�U�p�V�” . �s�S , �\�\

�p�x�™�w�\�q�›�ß�Q�o ∇·vH �› D �q
¯�q�`�o�M�” . D �t�m�M�o�x�Í
…�p�~�Š�o���[�b�” .

���Ú���S σ̇ �x , �È���w�Ü�›���Ú�M�²�t σ = 0 �T�’ σ = σ �‡�p
u
ü�b�”�\�q�p

�…�$�t�˜�’�•�” .

σ̇ = −σ
∂π

∂t
−

Z σ

0

Ddσ −
Z σ

0

vH · ∇σπdσ. (3.89)
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3.8 �Þ�Ã�ç�§
��M���Ü

3.8.1 �Ô�S�M���Ü

�Ô�S�w���[�›�6���b�” .

ζ ≡ 1
a cos ϕ

∂v

∂λ
− 1

a cos ϕ

∂

∂ϕ
(u cos ϕ). (3.90)

�á�ˆ�M���Ü�w u �w�Ü (3.77) �t 1
a cos ϕ

∂
∂ϕ cos ϕ �›�^�;�` , v �w�Ü (3.78) �t 1

a cos ϕ
∂

∂λ �›�^�;�` , �\�w

�†�Ü�w�)�›�q�l�o�!���b�•�y�Í�w�Ô�S�M���Ü�›�˜�” .

∂ζ

∂t
= − 1

a cos ϕ

∂

∂ϕ
(ζv cos ϕ) − 1

a cos ϕ

∂

∂λ
(ζu)

− 1
a cos ϕ

∂

∂λ

·
σ̇

∂v

∂σ
+

RdTv

a

∂π

∂ϕ
−Fϕ + fu

¸

− 1
a cos ϕ

∂

∂ϕ

·
− cos ϕσ̇

∂u

∂σ
− RdTv

a

∂π

∂λ
+ Fλ cos ϕ + fv cos ϕ

¸
. (3.91)

(	Â�Ì ) (3.77), (3.78) �w�f�•�g�•�(�%�H 1 �ò�› , (3.72), (3.73) �›�;�M�o�2�‰�b�”�q�Ž�<�w�‘

�O�t�s�” .

∂u

∂t
+

u

a cos ϕ

∂u

∂λ
+

v

a

∂u

∂ϕ
+ σ̇

∂u

∂σ
− fv − uv

a
tanϕ = − 1

a cos ϕ

∂Φ
∂λ

− RdTv

a cos ϕ

∂π

∂λ
+ Fλ, (3.92)

∂v

∂t
+

u

a cos ϕ

∂v

∂λ
+

v

a

∂v

∂ϕ
+ σ̇

∂v

∂σ
+ fu +

u2

a
tanϕ = −1

a

∂Φ
∂ϕ

− RdTv

a

∂π

∂ϕ
+ Fϕ. (3.93)

(3.93) �t ∂
∂λ �›�^�;�`�h�Ü�T�’ (3.92) �t ∂

∂ϕ cos ϕ �›�^�;�`�h�Ü�›�¾�X�\�q�p ,

∂

∂λ

µ
∂v

∂t

¶
+

∂

∂λ

µ
u

a cos ϕ

∂v

∂λ

¶
+

∂

∂λ

µ
v

a

∂v

∂ϕ

¶
+

∂

∂λ

µ
σ̇

∂v

∂σ

¶

+
∂

∂λ
(fu) +

∂

∂λ

µ
u2

a
tanϕ

¶
+

∂

∂λ

µ
1
a

∂Φ
∂ϕ

¶
+

∂

∂λ

µ
RdTv

a

∂π

∂ϕ

¶
− ∂

∂λ
(Fϕ)

− ∂

∂ϕ

µ
cos ϕ

∂u

∂t

¶
− ∂

∂ϕ

µ
u

a

∂u

∂λ

¶
− ∂

∂ϕ

µ
cos ϕ

v

a

∂u

∂ϕ

¶
− ∂

∂ϕ

µ
cos ϕσ̇

∂u

∂σ

¶

+
∂

∂ϕ
(cos ϕfv) +

∂

∂ϕ

³ uv

a
sinϕ

´
− ∂

∂ϕ

µ
1
a

∂Φ
∂λ

¶
− ∂

∂ϕ

µ
RdTv

a

∂π

∂λ

¶
+

∂

∂ϕ
(cos ϕFλ) = 0.

(3.94)

(3.94) �w Φ �t���b�”�ò (�(�%�H 7 �ò�q�H 16 �ò ) �x�'�j	«�`�K�l�o	«�Q�” . �f�w���w�ò�x�Ž�<�w�‘�O

�t
T�g�^�•�” .
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�Ì��
•
ü�w�ò (�H 1 �ò�q�H 10 �ò ):

∂

∂λ

µ
∂v

∂t

¶
− ∂

∂ϕ

µ
cos ϕ

∂u

∂t

¶

=
∂

∂t

½
∂v

∂λ

¾
− ∂

∂t

½
∂

∂ϕ
(u cos ϕ)

¾

=
∂

∂t

½
∂v

∂λ
− ∂

∂ϕ
(u cos ϕ)

¾

=a cos ϕ
∂ζ

∂t
. (3.95)

���S�w 2 �Š
+��
•
ü�w�ò�f�w 1 (�H 3, 12, 15 �ò ):

∂

∂λ

µ
v

a

∂v

∂ϕ

¶
− ∂

∂ϕ

µ
cos ϕ

v

a

∂u

∂ϕ

¶
+

∂

∂ϕ

³ uv

a
sinϕ

´

=
1
a

∂v

∂λ

∂v

∂ϕ
+

v

a

∂2v

∂ϕ∂λ
− ∂

∂ϕ

½
v

a

µ
cos ϕ

∂u

∂ϕ
+ u

∂ cos ϕ

∂ϕ

¶¾

=
∂

∂ϕ

µ
v

a

∂v

∂λ

¶
− ∂

∂ϕ

½
v

a

∂

∂ϕ
(u cos ϕ)

¾

=
∂

∂ϕ

½µ
1

a cos ϕ

∂v

∂λ
− 1

a cos ϕ

∂

∂ϕ
(u cos ϕ)

¶
v cos ϕ

¾

=
∂

∂ϕ
(ζv cos ϕ) . (3.96)

���S�w 2 �Š
+��
•
ü�w�ò�f�w 2 (�H 2, 6, 11 �ò ):

∂

∂λ

µ
u

a cos ϕ

∂v

∂λ

¶
+

∂

∂λ

µ
u2

a
tanϕ

¶
− ∂

∂ϕ

µ
u

a

∂u

∂λ

¶

=
∂

∂λ

µ
u

a cos ϕ

∂v

∂λ

¶
+

∂

∂λ

µ
u2

a
tanϕ

¶
− ∂

∂λ

µ
u

a

∂u

∂ϕ

¶

=
∂

∂λ

µ
u

a cos ϕ

∂v

∂λ

¶
+

∂

∂λ

½
u

a cos ϕ

µ
u sinϕ − cos ϕ

∂u

∂ϕ

¶¾

=
∂

∂λ

µ
u

a cos ϕ

∂v

∂λ

¶
+

∂

∂λ

½
u

a cos ϕ

µ
−u

∂ cos ϕ

∂ϕ
− cos ϕ

∂u

∂ϕ

¶¾

=
∂

∂λ

µ
u

a cos ϕ

∂v

∂λ

¶
− ∂

∂λ

½
u

a cos ϕ

∂

∂ϕ
(u cos ϕ)

¾

=
∂

∂λ
(ζu) . (3.97)

�\�\�p , 2 �æ�è�w�H 3 �ò�w�!���t�x , (3.96) �w 2, 3 �æ�è�p�H 1 �ò�t�0�`�o�;�M�h�!���›�;�M�h .

(3.94) �› (3.95), (3.96), (3.97) �›�;�M�o
T�g�` , �†�%�t 1
a cos ϕ �›�»�Z�”�\�q�p , (3.91) �U�˜�’�•�” .

(	Â�Ì	4�“ )
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3.8.2 
C�„�M���Ü


C�„�w���[�›�6���b�” .

D ≡ 1
a cos ϕ

∂u

∂λ
+

1
a cos ϕ

∂

∂ϕ
(v cos ϕ). (3.98)

�á�ˆ�M���Ü�w u �w�Ü (3.77) �t 1
a cos ϕ

∂
∂λ �›�^�;�` , v �w�Ü (3.78) �t 1

a cos ϕ
∂

∂ϕ cos ϕ �›�^�;�` , �†�Ü

�w�è�›�q�l�o�!���b�”�q�Í�w
C�„�M���Ü�›�˜�” .

∂D

∂t
=

1
a cos ϕ

∂

∂λ
(ζv) − 1

a cos ϕ

∂

∂ϕ
(ζu cos ϕ)

− 1
a cos ϕ

∂

∂λ

·
σ̇

∂u

∂σ
+

RdTv

a cos ϕ

∂π

∂λ
−Fλ − fv

¸

− 1
a cos ϕ

∂

∂ϕ

·
cos ϕσ̇

∂v

∂σ
+

RdTv

a
cos ϕ

∂π

∂ϕ
−Fϕ cos ϕ + fu cos ϕ

¸

−∇2
σ(Φ + KE). (3.99)

�\�\�p ,

∇2
σ =

1
a2 cos2 ϕ

∂2

∂λ2
+

1
a2 cos ϕ

∂

∂ϕ

µ
cos ϕ

∂

∂ϕ

¶
, (3.100)

KE =
u2 + v2

2
. (3.101)

(	Â�Ì ) (3.92) �t ∂
∂λ �›�^�;�`�h�Ü�q (3.93) �t ∂

∂ϕ cos ϕ �›�^�;�`�h�Ü�q�w�è�›�q�”�\�q�p ,

∂

∂λ

µ
∂u

∂t

¶
+

∂

∂λ

µ
u

a cos ϕ

∂u

∂λ

¶
+

∂

∂λ

µ
v

a

∂u

∂ϕ

¶
+

∂

∂λ

µ
σ̇

∂u

∂σ

¶

− ∂

∂λ
(fv) − ∂

∂λ

³ uv

a
tanϕ

´
+

∂

∂λ

µ
1

a cos ϕ

∂Φ
∂λ

¶
+

∂

∂λ

µ
RdTv

a cos ϕ

∂π

∂λ

¶
− ∂

∂λ
(Fλ)

+
∂

∂ϕ

µ
cos ϕ

∂v

∂t

¶
+

∂

∂ϕ

µ
u

a

∂v

∂λ

¶
+

∂

∂ϕ

µ
cos ϕ

v

a

∂v

∂ϕ

¶
+

∂

∂ϕ

µ
cos ϕσ̇

∂v

∂σ

¶

+
∂

∂ϕ
(cos ϕfu) +

∂

∂ϕ

µ
sinϕ

u2

a

¶
+

∂

∂ϕ

µ
cos ϕ

1
a

∂Φ
∂ϕ

¶

+
∂

∂ϕ

µ
cos ϕ

RdTv

a

∂π

∂ϕ

¶
− ∂

∂ϕ
(cos ϕFϕ) = 0. (3.102)

�\�w�Ü�x�Ž�<�w�‘�O�t
T�g�^�•�” .

�Ì��
•
ü�w�ò (�H 1 �ò�q�H 10 �ò ):

∂

∂λ

µ
∂u

∂t

¶
+

∂

∂ϕ

µ
cos ϕ

∂v

∂t

¶

=
∂

∂t

½
∂u

∂λ

¾
+

∂

∂t

½
∂

∂ϕ
(v cos ϕ)

¾

=
∂

∂t

½
∂u

∂λ
+

∂

∂ϕ
(v cos ϕ)

¾

=a cos ϕ
∂D

∂t
. (3.103)
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Φ �t���b�”�ò (�H 7 �ò�q�H 16 �ò ):

∂

∂λ

µ
1

a cos ϕ

∂Φ
∂λ

¶
+

∂

∂ϕ

µ
cos ϕ

1
a

∂Φ
∂ϕ

¶

=a cos ϕ

½
1

a2 cos2 ϕ

∂2

∂λ2
+

1
a2 cos ϕ

∂

∂ϕ

µ
cos ϕ

∂

∂ϕ

¶¾
Φ

=a cos ϕ ∇2
σΦ. (3.104)

���S�w 2 �Š
+��
•
ü�w�ò�f�w 1 (�H 2, 12 �ò ):

∂

∂λ

µ
u

a cos ϕ

∂u

∂λ

¶
+

∂

∂ϕ

µ
cos ϕ

v

a

∂v

∂ϕ

¶

=
1

2a cos ϕ

∂2u2

∂λ2
+

1
2a

∂

∂ϕ

µ
cos ϕ

∂v2

∂ϕ

¶

=
½

1
a cos ϕ

∂2

∂λ2
+

1
a

∂

∂λ

µ
cos ϕ

∂

∂λ

¶¾ µ
u2 + v2

2

¶
− ∂

∂λ

µ
v

a cos ϕ

∂v

∂λ

¶
− ∂

∂ϕ

µ
cos ϕ

u

a

∂u

∂ϕ

¶

=a cos ϕ ∇2
σKE − ∂

∂λ

µ
v

a cos ϕ

∂v

∂λ

¶
− ∂

∂ϕ

µ
cos ϕ

u

a

∂u

∂ϕ

¶
. (3.105)

�H 2 �ò�q�H 3 �ò�t�m�M�o�x , �\�•�Ž�ñ�w�ò�w
T�g�w�M�t�6�J	Ô�b�” .

���S�w 2 �Š
+��
•
ü�w�ò�f�w 2 (�H 3, 6 �ò , (3.105) �w�H 2 �ò ):

∂

∂λ

µ
v

a

∂u

∂ϕ

¶
− ∂

∂λ

³ uv

a
tanϕ

´
− ∂

∂λ

µ
v

a cos ϕ

∂v

∂λ

¶

=
∂

∂λ

½
v

a cos ϕ

∂

∂ϕ
(u cos ϕ)

¾
− ∂

∂λ

µ
v

a cos ϕ

∂v

∂λ

¶

= − ∂

∂λ

½
v

µ
1

a cos ϕ

∂v

∂λ
− 1

a cos ϕ

∂

∂ϕ
(u cos ϕ)

¶¾

= − ∂

∂λ
(ζv). (3.106)

���S�w 2 �Š
+��
•
ü�w�ò�f�w 3 (�H 11, 15 �ò , (3.105) �w�H 3 �ò ):

∂

∂ϕ

µ
u

a

∂v

∂λ

¶
+

∂

∂ϕ

µ
sinϕ

u2

a

¶
− ∂

∂ϕ

µ
cos ϕ

u

a

∂u

∂ϕ

¶

=
∂

∂ϕ

µ
u

a

∂v

∂λ

¶
+

∂

∂ϕ

½
u

a

µ
u sinϕ − cos ϕ

∂u

∂ϕ

¶¾

=
∂

∂ϕ

µ
u

a

∂v

∂λ

¶
− ∂

∂ϕ

½
u

a

µ
u

∂ cos ϕ

∂ϕ
+ cos ϕ

∂u

∂ϕ

¶¾

=
∂

∂ϕ

µ
u

a

∂v

∂λ

¶
− ∂

∂ϕ

½
u

a

∂

∂ϕ
(u cos ϕ)

¾

=
∂

∂ϕ

½
u cos ϕ

µ
1

a cos ϕ

∂v

∂λ
− 1

a cos ϕ

∂

∂ϕ
(u cos ϕ)

¶¾

=
∂

∂ϕ
(ζu cos ϕ) . (3.107)

(3.102) �› (3.103), (3.104), (3.105), (3.106), (3.107) �›�;�M�o
T�g�` , �†�%�t 1
a cos ϕ �›�»�Z�”�\�q

�p , (3.99) �U�˜�’�•�” .
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(	Â�Ì	4�“ )

3.8.3 �ä�—�¶�w�Ü

(3.85) �‘�“

∂T

∂t
= − 1

a cos ϕ

∂(uT )
∂λ

− 1
a cos ϕ

∂(vT cos ϕ)
∂ϕ

+ TD

− σ̇
∂T

∂σ
+ κTv

µ
∂π

∂t
+

u

a cos ϕ

∂π

∂λ
+

v

a

∂π

∂ϕ
+

σ̇

σ

¶
+

Q¤

Cp
.

(3.108)

�\�\�p ,

κ =
Rd

Cd
p

(3.109)

�p�K�” .

3.8.4 �9�S�w�,�Š	Ô�q�c�•�w
ü�m

�>�9�S Tv �›�Í�w�‘�O�t σ �w�ˆ�t�‘���b�”	Ô T v(σ) �q , �f�\�T�’�w�c�•
R
ü T 0
v �t�˜�Z�o�G	\�b�” .

�Ô�S�M���Ü�p Tv �›���‰�ò�x�Í�w�‘�O�t�!���^�•�”�{

− 1
a cos ϕ

∂

∂λ

·
RdTv

a

∂π

∂ϕ

¸
+

1
a cos ϕ

∂

∂ϕ

·
RdTv

a

∂π

∂λ

¸

= − 1
a cos ϕ

∂

∂λ

·
RdT v

a

∂π

∂ϕ

¸
− 1

a cos ϕ

∂

∂λ

·
RdT 0

v

a

∂π

∂ϕ

¸

+
1

a cos ϕ

∂

∂ϕ

·
RdT v

a

∂π

∂λ

¸
+

1
a cos ϕ

∂

∂ϕ

·
RdT 0

v

a

∂π

∂λ

¸

= − 1
a cos ϕ

½
RdT v

a

∂2π

∂λ∂ϕ
+

∂

∂λ

·
RdT 0

v

a

∂π

∂ϕ

¸
− RdT v

a

∂2π

∂ϕ∂λ
− ∂

∂ϕ

·
RdT 0

v

a

∂π

∂λ

¸¾

= − 1
a cos ϕ

½
∂

∂λ

·
RdT 0

v

a

∂π

∂ϕ

¸
− ∂

∂ϕ

·
RdT 0

v

a

∂π

∂λ

¸¾
. (3.110)
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C�„�M���Ü�p Tv �›���‰�ò�x�Í�w�‘�O�t�!���^�•�” .

− 1
a cos ϕ

∂

∂λ

·
RdTv

a cos ϕ

∂π

∂λ

¸
− 1

a cos ϕ

∂

∂ϕ

·
RdTv

a
cos ϕ

∂π

∂ϕ

¸

= − 1
a cos ϕ

∂

∂λ

·
RdT v

a cos ϕ

∂π

∂λ

¸
− 1

a cos ϕ

∂

∂λ

·
RdT 0

v

a cos ϕ

∂π

∂λ

¸

− 1
a cos ϕ

∂

∂ϕ

·
RdT v

a
cos ϕ

∂π

∂ϕ

¸
− 1

a cos ϕ

∂

∂ϕ

·
RdT 0

v

a
cos ϕ

∂π

∂ϕ

¸

= − 1
a2 cos2 ϕ

∂2

∂λ2

¡
RdT vπ

¢
− 1

a cos ϕ

∂

∂λ

·
RdT 0

v

a cos ϕ

∂π

∂λ

¸

− 1
a2 cos ϕ

∂

∂ϕ

·
cos ϕ

∂

∂ϕ

¡
RdT vπ

¢
¸
− 1

a cos ϕ

∂

∂ϕ

·
RdT 0

v

a
cos ϕ

∂π

∂ϕ

¸

= −∇2
σ

¡
RdT vπ

¢
− 1

a cos ϕ

∂

∂λ

·
RdT 0

v

a cos ϕ

∂π

∂λ

¸
− 1

a cos ϕ

∂

∂ϕ

·
RdT 0

v

a
cos ϕ

∂π

∂ϕ

¸
. (3.111)

�\�\�p

∇2
σ ≡ 1

a2 cos2 ϕ

∂2

∂λ2
+

1
a2 cos ϕ

∂

∂ϕ

µ
cos ϕ

∂

∂ϕ

¶
(3.112)

�›�;�M�h .

�ä�—�¶�w�Ü�p�x , �9�S T �› σ �w�ˆ�t�‘���b�”	Ô T (σ) �q , �f�\�T�’�w�c�•
R
ü T 0 �t�˜�Z�o�G	\�b

�” . �b�s�˜�j , �È�%�H 1–3 �ò�x�Í�w�‘�O�t�!���^�•�” .

− 1
a cos ϕ

∂(uT )
∂λ

− 1
a cos ϕ

∂(vT cos ϕ)
∂ϕ

+ TD

= − 1
a cos ϕ

½
∂(uT )

∂λ
+

∂(uT 0)
∂λ

+
∂(vT cos ϕ)

∂ϕ
+

∂(vT 0cos ϕ)
∂ϕ

¾
+ TD + T 0D

= − 1
a cos ϕ

½
T

∂u

∂λ
+

∂(uT 0)
∂λ

+ T
∂(v cos ϕ)

∂ϕ
+

∂(vT 0cos ϕ)
∂ϕ

¾

+ T

·
1

a cos ϕ

∂u

∂λ
+

1
a cos ϕ

∂

∂ϕ
(v cos ϕ)

¸
+ T 0D

= − 1
a cos ϕ

∂(uT 0)
∂λ

− 1
a cos ϕ

∂(vT 0cos ϕ)
∂ϕ

+ T 0D. (3.113)

3.8.5 �§
��M���Ü

�Ž	Í�›�;�M�o�M���Ü�%�›�G	\�b�•�y�Í�w�‘�O�t�s�” .

�È���w�Ü

∂π

∂t
+ vH · ∇σπ = −D − ∂σ̇

∂σ
. (3.114)


i
+�y�w�Ü

∂Φ
∂σ

= −RdTv

σ
. (3.115)
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�á�ˆ�M���Ü

∂ζ

∂t
=

1
a cos ϕ

½
∂vA

∂λ
− ∂(uA cos ϕ)

∂ϕ

¾
, (3.116)

∂D

∂t
=

1
a cos ϕ

½
∂uA

∂λ
+

∂(vA cos ϕ)
∂ϕ

¾
−∇2

σ(Φ + RTπ + KE ). (3.117)

�\�\�p ,

uA (ϕ, λ, σ) ≡ (ζ + f)v − σ̇
∂u

∂σ
− RT 0

v

a cos ϕ

∂π

∂λ
+ Fλ, (3.118)

vA (ϕ, λ, σ) ≡ −(ζ + f)u − σ̇
∂v

∂σ
− RT 0

v

a

∂π

∂ϕ
+ Fϕ. (3.119)

�ä�—�¶�w�Ü

∂T

∂t
= − 1

a cos ϕ

½
∂(uT 0)

∂λ
+

∂(vT 0cos ϕ)
∂ϕ

¾
+ T 0D

− σ̇
∂T

∂σ
+ κTv

µ
∂π

∂t
+

u

a cos ϕ

∂π

∂λ
+

v

a

∂π

∂ϕ
+

σ̇

σ

¶
+

Q¤

Cp
.

(3.120)


+	à�>�w�Ü

∂q

∂t
= − 1

a cos ϕ

½
∂(uq)
∂λ

+
∂(vq cos ϕ)

∂ϕ

¾
+ qD − σ̇

∂q

∂σ
+ Sq. (3.121)

(3.16) �p�‹�Ö�`�h Q¤ �T�’�ê
Q�t�‘�”�/�) CpD(v) �›�6�|
ü�m�` , Q¤ = Q + CpD(v) �q�b�” . �°


`�t�ê
Q�x�á�ˆ�M���Ü�t�S�M�o�&�p�s�Í�å�Ý�»�æ�¸�”�³�ã�ï�t�‘�l�o
¯�q�b�” . �‡�h , �Ô�S, 
C�„ ,
�9�S , 
+	à�>�w�Ü�t�0�`�o�f�•�g�•
+���¦�„�ò D(ζ), D(D), D(T ), D(q) �›�m�Z�” . �\�w�ò�w
Ç�C

�x	��t
:�‹�$�†��
Q�w�A
e�t�‘�”�‹�w�p�K�”�U , 
ú�g�$�t�x�™�p�æ�s�O�m�„�=�w�µ�­�”�ç�Ž�<�w�á

�ˆ�›
¯�q�`�o�M�”�q�r	
�p�V�” . �7�™�t , �á
é�G�>�w�>�.��
:�S�‘�|���y
z�ä Rd, Cd
p �›�f�•�g�•

R, Cp �w�‘�O�t�K�’�h�Š�o�”�V�s�S�d�y , dcpam4 �w�—�¶�a���w�§
��M���Ü�%�›�˜�” .

3.9 �€�ß���Y

Haltiner, G.J., Williams, R.T., 1980: Numerical Prediction and Dynamic Meteorology (2nd ed.).
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